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Abstract. Let E ⊆ P2 be a complex curve homeomorphic to the projective line. The Negativ-
ity Conjecture asserts that the Kodaira-Iitaka dimension of KX+ 12D, where (X,D) −→ (P2, E)
is a minimal log resolution, is negative. We prove structure theorems for curves satisfying this
conjecture and we finish their classification up to a projective equivalence by describing the
ones whose complement admits no C∗∗-fibration. As a consequence, we show that they satisfy
the Strong Rigidity Conjecture of Flenner-Zaidenberg. The proofs are based on the almost
minimal model program. The obtained list contains one new series of bicuspidal curves.
1. Main result
1A. Main results and corollaries.
We work with complex algebraic surfaces. Let E¯ ⊆ P2 be a curve homeomorphic, in the
Euclidean topology, to the projective line. Such a curve is rational and cuspidal, because its
singularities are locally analytically irreducible. In particular, its complement P2\E¯ isQ-acyclic.
If this complement is not of log general type then there is a classification, for a summary see
e.g. [Bod16a, §2.2] or [PP17, Lemma 2.14] and references there. In particular, in this case E¯
has at most two cusps [Wak78] and P2 \ E¯ has a C1- or a C∗-fibration [Pal16, Proposition 2.6].
Therefore, we shall assume that P2 \ E¯ is of log general type, that is, κ(KX + D) = 2, where
(X,D) is a smooth completion of P2 \ E¯. As it was shown in loc. cit., in this case the Kodaira-
Iitaka dimension of the divisor KX + 12D plays a crucial role and one can study E¯ using the
modification of the logarithmic Minimal Model Program, the so-called almost Minimal Model
Program (see Section 2D), applying it to the pair (X, 12D). The guiding principle is the following
conjecture, which strengthens the Coolidge-Nagata conjecture proved recently by M. Koras and
the first author [KP17].
Conjecture 1.1 (The Negativity Conjecture, [Pal16, Conjecture 4.7]). If (X,D) is a smooth
completion of a smooth Q-acyclic surface then κ(KX + 12D) = −∞.
For further motivation and evidence towards the Negativity Conjecture see Conjecture 2.5
in loc. cit. In [PP17] we have classified, up to a projective equivalence, rational cuspidal
curves with complements admitting a C∗∗-fibration, where C∗∗ = C1 \ {0, 1}, in which case the
Conjecture 1.1 holds automatically (see [Pal16, Lemma 2.4(iii)]). The goal of the current article
is to complete the classification, up to a projective equivalence, of rational cuspidal curves for
which the Conjecture 1.1 holds.
Theorem 1.2. Let E¯ ⊆ P2 be a complex curve homeomorphic to P1, such that P2 \ E¯ is of log
general type. Then P2 \ E¯ satisfies the Negativity Conjecture 1.1 if and only if either:
(a) P2 \ E¯ has a C∗∗-fibration, hence E¯ is of one of the types listed in [PP17, Theorem 1.3], or
(b) E¯ is of one of the types Q3,Q4,FE ,FZ2,H, I or J (see Definition 1.3 below).
Each of the above types is realized by a curve which is unique up to a projective equivalence.
For a summary of numerical characteristics of the above curves see Table 1 at the end of this
article and [PP17, Table 1]. Note that cases (a) and (b) correspond to the possible outcome of
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the birational part of log MMP for (X, 12D), which is a log Mori fiber space over a curve in case
(a) and a log del Pezzo surface of Picard rank one in case (b), see [Pal16, Theorem 4.5(4)].
The multiplicity sequence of a cusp q ∈ E¯ consists of multiplicities of all proper transforms
of the germ of E¯ at q under consecutive blowups within the minimal log resolution of q (often
one omits 1’s at the end). We write (m)k for the sequence m, . . . ,m of length k.
Definition 1.3 (Log del Pezzo series). Let E¯ ⊆ P2 be a curve homeomorphic to P1 (hence
rational cuspidal). We say that it is of type Q3, Q4, FE , FZ2, H, I, J if the multiplicity
sequences of its cusps are, respectively:
Q3 : (2, 2), (2, 2), (2, 2),
Q4 : (2, 2, 2), (2), (2), (2),
FE(γ) : (3(γ − 3), (3)γ−3), ((4)γ−3, 2, 2), (2) for some integer γ > 5,
FZ2(γ) : (2(γ − 2), (2)γ−2), ((3)γ−2), (2) for some integer γ > 4,
H(γ) : (3(γ − 1), (3)γ−1), ((4)γ−1, 2, 2, 2) for some integer γ > 3,
I : (6, 6, 3, 3), (8, 4, 4, 2, 2),
J (k) : (2k, 2k, 2k, (2)k), (2k, (2)k) for some integer k > 2.
By Lemma 2.10 the integers deg E¯ and E2, where E is the proper transform of E¯ on X, are
uniquely determined by the multiplicity sequences, see Table 1.
As a consequence of our classification we infer that all rational cuspidal curves with comple-
ments of log general type which satisfy the Negativity Conjecture 1.1 (conjecturally all) share
some unexpected geometric properties. We summarize them in Theorems 1.4 and 1.6, see Sec-
tion 5 for proofs. We use the names of series FZ1 and A− G from [PP17] and the ones from
Definition 1.3 above. For k > 1 we denote by OR1(k) and OR2(k) the curves C4k and C∗4k, a
part of the series constructed by Orevkov [Ore02].
Theorem 1.4 (Existence of special lines). Let E¯ ⊆ P2 be a rational cuspidal curve with a
complement of log general type, and which is not one of the Orevkov unicuspidal curves OR1,
OR2. Assume that the Negativity Conjecture 1.1 holds for P2 \ E¯. Then E¯ has two, three or
four cusps and there exists a line l through a cusp q1 ∈ E¯ with the biggest multiplicity sequence
(in the lexicographic order) meeting E¯ only in two points. Hence E¯ is a closure of the image
of a closed injective morphism C∗ −→ C2 given by E¯ \ l⊆ P2 \ l.
A,B, C,D,H FZ1,FZ2,FE G Q3,Q4,J E ,F , I
Figure 1. Configurations (P2, E¯ + l) from Theorem 1.4.
More precisely, exactly one of the following holds, see Figure 1.
(a) There are at least two lines l as above. Then one of them passes through two cusps of E¯
and the second meets E¯ \ {q1} transversally. Moreover, E¯ is of type A,B, C,D or H if it
has two cusps and is of type FZ1, FZ2 or FE otherwise.
(b) There is a unique line l as above and there exists a curve m such that m \ l∼= C1 and
m meets E¯ \ l in one point, transversally. Then l meets E¯ \ {q1} transversally, m is a
(unique) conic and E¯ is of type G.
(c) There is a unique line l as above and every curve in P2 \ l isomorphic to C1 meets E¯ \ l at
least twice in the sense of intersection theory. Then E¯ is of type Q3, Q4 or J if l passes
through exactly one cusp and is of type E, F or I otherwise.
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Remark 1.5 (Existence of C∗ in the complement).
(a) Let E¯ ⊆ P2 be any rational cuspidal curve. It is known (see [PP17, Lemma 2.4]) that P2\E¯
is of log general type if and only if it does not contain a curve isomorphic to C1. But in
the latter case (under our assumption that the Negativity Conjecture holds) it turns out
that P2 \ E¯ always contains a curve isomorphic to C∗. Indeed, for the Orevkov curves it is
the affine part of a certain nodal cubic with a node at the cusp of E¯, see [Ore02, §6], and
for the remaining types it is l\ E¯. Another example of C∗ ⊆ P2 \ E¯ is l1 \ E¯ or m \ E¯,
where l1,m are the tangent line and the conic from Theorem 1.4(a),(b), respectively.
(b) For the bicuspidal curves in Theorem 1.4(a) the line meeting E¯ \l once is a good asymptote
in the sense of [CNKR09, Defintion 1.1] for the C∗-embedding E¯ \ l⊆ P2 \ l.
Using the above classification together with known results for smooth Q-acyclic surfaces we
deduce the following important geometric consequences, parts (a), (b) being results towards the
tom Dieck conjecture [tD92, Conjecture 2.14] and the Orevkov-Piontkowski conjecture [Pio07],
respectively. Recall that the logarithmic tangent sheaf of (X,D), denoted by TX(− logD), is
the sheaf of those OX-derivations which respect the ideal sheaf of D.
Theorem 1.6 (Geometric properties of planar rational cuspidal curves). Let E¯ ⊆ P2 be a curve
having the topology of the projective line and let (X,D) −→ (P2, E¯) be a minimal log resolution.
In case P2\E¯ is of log general type assume that it satisfies the Negativity Conjecture 1.1. Then:
(a) (Fibrations) P2 \ E¯ has a fibration over P1 or C1 with general fiber isomorphic to C1, C∗,
C∗∗ or C∗∗∗. In the three latter cases one can choose a fibration with no base points on X.
(b) (The number of cusps) E¯ has at most four singular points (cusps) and if it has exactly
four then it is projectively equivalent to the quintic which is the closure of
C1 3 u 7→ [u : u3 − 1 : u5 + 2u2] ∈ P2.
(c) (A special line) If E¯ has at least two cusps then there is a line meeting E¯ in at most two
points.
(d) (Strong Rigidity) We have H2(TX(− logD)) = 0. In particular, for planar rational cuspidal
curves the Negativity Conjecture implies the Flenner-Zaidenberg Strong Rigidity Conjecture
(see Conjecture 5.2).
1B. Discussion of some results in the literature.
We now comment on the curves from Definition 1.3. The curves Q3 and Q4 appear as a
part of a classification of planar quintics [Nam84, Theorem 2.3.10]. The curves FZ2 were
constructed by Flenner and Zaidenberg [FZ00], who showed that they are the only rational
tricuspidal curves with µ = deg E¯ − 3 > 3, where µ is the maximal multiplicity of a cusp of E¯.
The curves FE were constructed by Fenske [Fen99], who showed that they are the only rational
tricuspidal curves with µ = deg E¯ − 4 > 3 and χ(TX(− logD)) 6 0. For both series projective
uniqueness has been settled by the authors. Note that in general the difference deg E¯ − µ can
be arbitrarily large, e.g. for the curves J (k) it equals 2k + 1.
The curves H and I are closures in P2 of specific closed embeddings of C∗ into C2. The
classification of such embeddings was initiated by Cassou–Nogues, Koras and Russell [CNKR09]
and will be completed in a forthcoming article of Koras and and the first author [KP16]. Type
H corresponds to [CNKR09, Theorem 8.2(ii.3)]. See Remarks 4.11, 4.12(a),(b),(c) and 4.17(a)
for a comparison with the conditional classification of Borodzik and Z˙o la¸dek [BZ10].
Surprisingly, almost all curves in our classification have been already discovered. However,
in Section 4D we construct one new series of rational bicuspidal curves with complements of
log general type, the series J (k), depending on a natural number k > 2. Independently from
us, they were recently described by Bodna´r [Bod16b, Theorem 3.1(c)]. In fact, as we were told
by M. Zaidenberg, they were most likely known to T. tom Dieck in 1995, see Remark 4.17(b).
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1C. Scheme of the proof.
In Section 3 we show that if P2 \ E¯ satisfies the Negativity Conjecture 1.1 but admits no
C∗∗-fibration then E¯ ⊆ P2 is of one of the types described in Definition 1.3. The main tool
is the “almost MMP” for the pair (X0, 12D0), where (X0, D0) −→ (P2, E¯) is the minimal weak
resolution of singularities (see Section 2C). In this article by a minimal model we mean the
outcome of a birational part of the log MMP. Under our assumptions some minimal model
(in fact, every minimal model) (Xmin, 12Dmin) of (X0,
1
2D0) is a log del Pezzo surface of rank
one, which strongly restricts the geometry of Dmin. In particular, the latter has at most
six components (see [Pal16, Theorem 4.5(4)]). In Section 3A we find further restrictions by
exploiting the fact that connected components of D0 − E0 contract to smooth points. The
proof is then divided into two parts, depending on whether Xmin itself is singular or not. The
first case is treated in Section 3B: it turns out that Xmin is a quadric cone and E¯ is of type
FE or I. In the second case, treated in Section 3C, we have Xmin ∼= P2 and Dmin is a simple
configuration of at most four curves. These configurations lead to types Q3 or Q4 if (P2, 12E¯)
is already minimal (see Proposition 3.13) and to types FZ2, H and J otherwise.
In Section 4A we prove that, conversely, if the singularity type of E¯ is as in Definition 1.3 then
P2 \ E¯ is a surface of log general type which satisfies the Negativity Conjecture 1.1 and has no
C∗∗-fibration. Eventually, in Sections 4B - 4D we prove the existence and projective uniqueness
of such curves. In cases FZ2, FE and H this result is already known. In the remaining cases we
show how to deduce the uniqueness using original constructions or the almost MMP described
in Section 3. Theorems 1.4 and 1.6 are proved in Section 5.
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2. Preliminaries
2A. Log surfaces.
This article is a continuation of [PP17]. We use the terminology and notation introduced
there, which we now briefly recall.
Let D be a reduced divisor on a smooth projective surface X. By a component of D we
mean an irreducible component. We denote the number of such components by #D. If D′ is
an effective subdivisor of D, that is, D −D′ is effective, we define its branching number as
βD(D′) = D · (D −D′).
We say that a component T of D is a tip of D if βD(T ) 6 1. If βD(T ) > 3 we say that T is
branching in D.
By a curve we mean an irreducible and reduced variety of dimension 1. A smooth rational
curve L on X with self-intersection number L2 = n is called an n-curve. For such a curve
KX · L = −n− 2 by adjunction. A (−1)-curve L ⊆ D is called superfluous for D if βD(L) 6 2
and L meets two different components of D − L in case the equality holds. We say that D
has simple normal crossings (is snc) if all its components are smooth and meet transversally,
at most two in one point. Note that a (−1)-curve L ⊆ D is superfluous if and only if after its
contraction the image of D remains snc.
Let D1, . . . , Dn be the components of D. We say that D is negative definite if its intersection
matrix [Di ·Dj]16i,j6n is negative-definite. A discriminant of D is defined as
d(D) = det[−Di ·Dj]16i,j6n
and d(0) = 1, see [Fuj82, Section 3] for its elementary properties. If D has a connected support
and for all its components βD 6 2 then we say that D is a chain in case at least one inequality
is strict and that D is circular otherwise. An snc-divisor is a (rational) tree if it has a connected
support and contains no circular subdivisor (and its components are rational). The components
T1, . . . , Tm of a chain T can be ordered in such a way that Ti · Ti+1 = 1 for i = 1, . . . ,m − 1.
Then T1 and Tm are, respectively, the first and the last tip of T . We denote them by
tip+(T ) - the first tip of T, tip−(T ) - the last tip of T.
A type of such an ordered chain is the sequence of integers [−T 21 , . . . ,−T 2m]. We will often abuse
the notation and write T = [−T 21 , . . . ,−T 2m]. We denote by T t the same chain with an opposite
ordering. An ordered chain T ⊆ D is called a twig of D if T = 0 or tip+(T ) is a tip of D and
the components of T are non-branching in D. A twig is maximal if it is maximal in the set
of twigs of D ordered by inclusion. A rational tree with one branching component and three
maximal twigs is called a fork.
Let us recall the notion of a bark. Let D be a reduced divisor with no superfluous (−1)-curves
and let T be a rational negative definite twig of D. The bark of T in D, denoted by BkD(T ), is
defined in [Miy01, Section II.3.3] (see Lemma II.3.3.4 loc.cit.) as a unique Q-divisor supported
on T such that for every component T0 of T one has
(2.1) T0 · BkD(T ) = βD(T0)− 2,
or equivalently, T0 · BkD(T ) = −1 if T0 = tip+(T ) and T0 · BkD(T ) = 0 otherwise. One shows
that for twigs the coefficients of barks are positive and smaller than 1.
If T is a disjoint sum of some twigs of D we define the bark as the sum of respective barks.
In this article, we will use mostly the barks of (−2)-twigs, that is, of twigs whose components
are (−2)-curves. If T = T1 + . . .+ Tk is a (−2)-twig of D then we check that
(2.2) BkD(T ) =
k∑
i=1
k − i+ 1
k + 1 Ti.
We have the following result on chains contractible to smooth points. A similar description
was given in [Pal14, Lemma 3.7] and [Ton12a, Proposition 10].
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Lemma 2.1 (Chains contractible to smooth points). For every chain which has a unique (−1)-
curve and contracts to a smooth point there is a unique choice of an ordering and unique
integers l > 0, m1,m2, . . . ,ml, x > 0, such that the type of the ordered chain is:
[(2)ml ,ml−1 + 3, . . . ,m2 + 3, (2)m1+1, 1,m1 + 3, (2)m2 , . . . ,ml + 3, (2)x], where 2 - l
or [(2)ml ,ml−1 + 3, . . . ,m1 + 3, 1, (2)m1+1,m2 + 3, (2)m3 , . . . ,ml + 3, (2)x], where 2 | l.
Proof. Let T be a chain which has a unique (−1)-curve and contracts to a smooth point. We
can assume T 6= [1] and T 6= [1, 2], for otherwise the type of T is one of the above sequences.
The contraction of T can be decomposed into a sequence of contractions of (−1)-curves in T
and its successive images. Let T ′ be the image of T after the first contraction. By induction we
may assume that with some choice of an ordering the type of T ′ is one of the above sequences. It
contains a unique subsequence [a, 1, b] for some b ∈ N\{0, 1} and a ∈ N\{0, 1}∪{−∞}, where
by definition [−∞, 1] = [1]. The type of T can be obtained from the type of T ′ by replacing
[a, 1, b] with [a + 1, 1, 2, b] or [a, 1, 2, b]. Since the set of the above sequences is closed under
such replacements, it contains the type of T for some choice of an ordering on T . Moreover,
the number l is the number of components of T which are not (−1)- or (−2)-curves. Since
m1 + 1 > 1, the parity of l determines the side of 1 on which the nearest 2 stands in the
sequence. It follows that T has a unique ordering such that its type is one of the above
sequences.
Now, assume that two presentations with m1, . . . ,ml, x and m′1, . . . ,ml, x′ as above give the
same sequence. By deleting terms equal to 1 or 2 and subtracting 3 from the remaining terms
we get
[ml−1,ml−3, . . . ,m2,m1, . . . ,ml] = [m′l−1,m′l−3, . . . ,m′2,m′1, . . . ,m′l]
for l odd and
[ml−1,ml−3, . . . ,m1,m2, . . . ,ml] = [m′l−1,m′l−3, . . . ,m′1,m′2, . . . ,m′l]
for l even, hence mi = m′i for i = 1, . . . , l and then x = x′. 
Let σ : X −→ X ′ be a birational morphism between smooth projective surfaces. We can
write σ as a composition of blowups σ = σz ◦ · · · ◦ σ1 for some z > 0. A point of X ′ is called a
center of σ if it is a base point of σ−1. If L is a curve on X then we say that σ touches L if it is
not an isomorphism in every neighborhood of L (in particular, σ touches Excσ). We say that
σ touches L n times for some n > 0 if L 6⊆ Excσ, exactly n of the blowups σ1, . . . , σz touch
the image of L and each exceptional divisor meets the respective image of L transversally in
one point. We define the rank of σ as ρ(σ) = ρ(X) − ρ(X ′), which is the number of curves
contracted by σ. A part of σ is any morphism σ′ : X −→ X ′′ such that there is a factorization
σ = σ′′ ◦ σ′.
Given two divisors Z1 and Z2 on the same surface we denote by Z1 ∧Z2 the divisor which is
the sum of their common components. By Z1∩Z2 we denote the intersection of their supports,
which may contain components of codimension 2.
2B. Fibrations.
A fibration of a smooth surface X is a surjective morphism X −→ B onto a curve with a
connected, reduced and irreducible scheme-theoretic general fiber. For a given fibration with
general fiber f , we say that an (irreducible) curve C is vertical (resp. horizontal) if C · f = 0
(resp. C · f 6= 0). A horizontal curve C with C · f = n is called an n-section. If C is vertical
and irreducible then by µ(C) we denote the multiplicity of C in the fiber containing C. Every
divisor T can be uniquely decomposed as T = Tvert + Thor, where all components of Tvert are
vertical and all components of Thor are horizontal.
A P1- (respectively, C1-, C∗-, C∗∗-) fibration is a fibration with general fiber isomorphic to
P1 (respectively, C1, C∗ = C1 \ {0}, C∗∗ = C1 \ {0, 1}). A fiber non-isomorphic to the general
one is called a degenerate fiber. Every degenerate fiber of a P1-fibration can be contracted to
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a 0-curve by iterated contractions of (−1)-curves. By induction one easily gets the following
result (see [Fuj82, Section 4]).
Lemma 2.2 (Degenerate fibers). Let F be a degenerate fiber of a P1-fibration of a smooth
projective surface. Then F is a rational tree and its (−1)-curves are non-branching in Fred.
Furthermore:
(a) If a (−1)-curve L is a component of F and µ(L) = 1 then βFred(L) = 1 and F contains
another (−1)-curve.
(b) If F has a unique (−1)-curve L then F has exactly two components of multiplicity one
and they are tips of F . If these components belong to different connected components of
Fred − L then Fred is a chain U + [1] + U∗, where U∗ is adjoint to U [Fuj82, Section 3.9];
in particular, d(U) = d(U∗).
Notation 2.3 (P1-fibrations). Let D be a reduced divisor on a smooth projective surface X
and let p : X −→ B be a P1-fibration. Let ν be the number of fibers contained in D. For b ∈ B,
let σ(Fb) denote the number of components of Fb = p−1(b) which are not contained in D.
Lemma 2.4 ([Fuj82, Section 4.16], cf. [Pal15, Lemma 2]). Fix the notation as above and put
B∗ = {b ∈ B : Fb 6⊆ D}. Then
#Dhor + ν + ρ(X) = #D + 2 +
∑
b∈B∗
(σ(Fb)− 1).
2C. Log resolutions of rational cuspidal curves.
We now fix some notation for the remaining part of the article. By E¯ ⊆ P2 we denote a
rational cuspidal curve. Let
pi0 : (X0, D0) −→ (P2, E¯)
be the minimal weak resolution of singularities, that is, a composition of a minimal number of
blowups such that the proper transform E0 of E¯ on X0 is smooth. We will also use the minimal
log resolution
pi : (X,D) −→ (P2, E¯),
that is, a composition of a minimal number of blowups such that D = (pi∗E¯)red is snc. It factors
as pi = pi0 ◦ψ0. We put E = (pi−1)∗E¯ ⊆ X. We assume that the surface X \D is of log general
type. Of course, X \ D = X0 \ D0 = P2 \ E¯. By the Poincare´-Lefschetz duality P2 \ E¯ is
Q-acyclic, that is, bi(P2 \ E¯) = 0 for i > 0. We will frequently use the following consequence of
the logarithmic version of the Bogomolov-Miyaoka-Yau inequality:
Lemma 2.5 (No affine lines, [MT92]). A smooth Q-acyclic surface of log general type contains
no curve isomorphic to C1.
By E0 we denote the proper transform of E¯ on X0. For simplicity assume for now that
E¯ has only one cusp q ∈ E¯ and let Q be the reduced preimage of q on X0. We have a
unique decomposition pi0 = σ1 ◦ . . . ◦ σk, where σi are blowdowns (note the order of indices), or
equivalently
(2.3) pi−10 = σ−1k ◦ . . . ◦ σ−11 .
The latter decomposition orders linearly the components of Q as exceptional divisors of the
successive blowups (the first component is the one created by the first blowup, or equivalently,
contracted last by the resolution morphism). Similarly, the decomposition of pi−1 orders linearly
the components of the exceptional divisor of the minimal log resolution over q and this order
extends the one on the proper transform of Q. If Z 6= 0 is a reduced snc-divisor then a blowup
of a point on Z is called inner for Z if it is centered at a singular point of Z, otherwise it is
called outer. The first blowup over q is neither outer nor inner.
Recall that a maximal (−2)-twig is a (−2)-twig which is not properly contained in any other
(−2)-twig. In particular, a maximal (−2)-twig is not necessarily a maximal twig.
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Figure 2. Exceptional divisor Q of the minimal weak resolution of a cusp q ∈ E¯.
Notation 2.6 (The geometry of a minimal weak resolution). We define the following quantities
describing the geometry of the cusp q ∈ E¯ (see Figure 2):
(a) C is the last component of Q, that is, the unique (−1)-curve in Q.
(b) τ := C · E0 > 2.
(c) The component of Q− C meeting E0 is denoted by C˜. We put C˜ = 0 if there is no such.
(d) s = 1 if C˜ = 0 and s = 0 otherwise.
(e) B is the proper transform of the exceptional curve of the last blowup for which the total
exceptional divisor over q is still a chain.
(f) T is the twig of Q meeting (and not containing) B which contains the first component of
Q. We put T = 0 if there is no such (then Q = B = C).
(g) ∆T is the maximal (−2)-twig of D0 contained in T and t = #∆T .
(h) The exceptional curve of the (t+ 1)-st blowup is denoted by T 0.
(i) T ′ is the second (not contained in T ) twig of Q meeting B. We put T ′ = 0 if there is no
such (then B is a tip of Q).
It is known, and easy to see by induction (see eg. [PP17, Lemmas 2.11 and 2.12]), that the
multiplicity sequence of q ∈ E¯ uniquely determines and is determined by the weighted graph
of pi−1(q); or, equivalently, by the weighted graph of Q and the numbers τ , s.
The exceptional divisor Q contracts to a smooth point and has a unique (−1)-curve C. If
Q 6= C then the contraction of C leads to a divisor with the same properties. By induction on
#Q it follows that βQ(C) 6 2 and βQ(G) 6 3 for every component G of Q, and if βQ(G) = 3
then G meets a twig of Q. Similarly, we see that if we remove from Q the maximal twigs of D0
contained in Q then what remains is a chain (see Figure 2). Components of this chain are of
particular interest, because they are not contracted by ψ (cf. Lemma 2.17(d)). Here is a list of
some elementary properties of Q.
Lemma 2.7 (The geometry of a minimal weak resolution). With the above notation the
following hold:
(a) If #Q > 1 then T 6= 0 and tip+(T ) is the first component of Q.
(b) If Q is a chain then B = C, otherwise B is the first branching component of Q. Every
component of Q−B meets at most one twig of D0.
(c) We have T 0 = C if and only if Q = [(2)t, 1] and C˜ = 0, equivalently, if and only if q ∈ E¯
has multiplicity sequence (τ)t+1. If T 0 6= C then T 0 ⊆ T , so tip+(T ) = tip+(∆T + T 0).
(d) The first blowup over q is (by definition) neither inner nor outer, the next t blowups are
outer. If T 0 6= C then the (t+ 2)-nd blowup is also outer, and the (t+ 3)-rd one, if occurs,
is the first inner one.
Proof. Parts (a)-(b) follow from the inductive structure of Q described above. For the proof
of (c)-(d) note that after the first t + 1 blowups over q ∈ E¯ the exceptional divisor, which is
an image of ∆T + T 0, is a chain [(2)t, 1], so all these blowups (except for the first one) are
outer. Because ∆T is a (−2)-twig, it is not touched by the remaining part of the resolution, so
the proper transform of E¯ meets this chain only in the last component. If there are no more
blowups then T 0 = C, so E0 · T 0 = τ , and since each blowup is outer, the contracted curve
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meets the image of E0 with multiplicity τ , so q ∈ E¯ has multiplicity sequence (τ)t+1. On the
other hand, if T 0 6= C then the (t + 2)-nd blowup is outer, so T 0 ⊆ T meets ∆T . This shows
(c). Because T 0 is not a part of a (−2)-twig, it is touched at least once more, so the proper
transform of E¯ meets the exceptional divisor in a common point of the images of T 0 and the
next component of Q, that is, the (t+ 3)-rd blowup, if occurs, is inner. This shows (d). 
From now on we denote the cusps of E¯ by q1, . . . , qc and we write Qj, Cj, Tj, tj, . . . for the
quantities Q,C, T, t, . . . as above defined for the cusp qj ∈ E¯, j = 1, . . . , c.
Example 2.8 (Semi-ordinary cusps). A cusp of multiplicity 2 is called semi-ordinary. It is
locally analytically isomorphic to the singular point of x2 = y2m+3 at 0 ∈ SpecC[x, y] for some
m > 0. Its multiplicity sequence equals (2)m+1. The exceptional divisor of its minimal log
resolution is a chain [(2)m, 3, 1, 2]. Hence Q = [(2)m, 1], T = ∆T , t = m, T 0 = B = C, T ′ = 0,
τ = 2 and s = 1. A semi-ordinary cusp with m = 0 (type A2) is called ordinary.
Figure 3. The graph of D for a curve of type H(5)
Example 2.9. Let E¯ be of type H(5) (see Definition 1.3). Its cusps have multiplicity sequences
(12, (3)4) and ((4)4, (2)3), respectively. The divisor D is shown in Figure 3. We have t1 = 0
(T1 = [5] has no (−2)-twig), τ1 = 3 and s1 = 1. For the second cusp we have t2 = 3, τ2 = 2
and s2 = 1. The standard HN-pairs of the cusps of E¯ (see [PP17, Section 2D]) are
(
15
12
)(
3
1
)
and(
18
4
)(
2
3
)
, respectively.
We recall the relation between integers deg E¯ and E2 in terms of multiplicity sequences of
the cusps of E¯. For a cusp q ∈ E¯ we define M(q) as the sum of all terms of the multiplicity
sequence of q (including 1’s in the end) and I(q) as the sum of their squares.
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Lemma 2.10 (Equations for multiplicity sequences). Let E¯ ⊆ P2 be a rational cuspidal curve
with cusps q1, . . . , qc ∈ E¯. Then
3 deg E¯ − E2 − 2 =
c∑
j=1
M(qj),(a)
(deg E¯)2 − E2 =
c∑
j=1
I(qj),(b)
(deg E¯ − 1)(deg E¯ − 2) =
c∑
i=1
(I(qj)−M(qj))(c)
Given multiplicity sequences, these formulas determine deg E¯ and E2 uniquely, provided deg E¯ >
3, that is, when E¯ is singular.
Proof. Let B be a curve on a smooth projective surface Y and let Y ′ −→ Y be a blowup of a
point of multiplicity µ on B. Denote by B′ the proper transform of B on Y ′. Then
KY ′ ·B′ −KY ·B = µ and B2 − (B′)2 = µ2.
We have KX ·E−KP2 · E¯ = −(E2 + 2) + 3 deg E¯ and E¯2−E2 = (deg E¯)2−E2, so by induction
one gets respectively (a) and (b). Part (c) is their direct consequence.
If two rational cuspidal curves of degrees d, d′ > 3 have the same multiplicity sequences then
(c) gives (d− d′)(d+ d′ − 3) = (d− 1)(d− 2)− (d′ − 1)(d′ − 2) = 0. Since d+ d′ 6= 3, it follows
that d = d′. Thus the multiplicity sequence determines uniquely deg E¯, and hence E2 by (a).

Lemma 2.11 (Upper bounds on E2, cf. [Ton12c], [PP17, Lemma 2.16]).
Assume that P2 \ E¯ is of log general type and has no C∗∗-fibration. Then:
(a) if c = 1 then E2 6 −3,
(b) if c = 2 then E2 6 −2,
(c) if c = 2 and (τj, sj) = (2, 1) for some j ∈ {1, 2} then E2 6 −3.
Proof. (a),(b) Suppose the contrary. Let C ′j be the last exceptional curve over qj ∈ E¯ on
the minimal log resolution. Blow up over C ′1 ∩ E until the proper transform Ê of E has self-
intersection −2 if c = 1 and −1 if c = 2. Call Ĉ the exceptional curve of the last blowup, or put
Ĉ = C ′1 if no blowups were needed. Then Ĉ meets some (−2)-curve U contained in the total
transform of Q1. If c = 1 then |Ê + 2Ĉ + U | induces a P1-fibration which restricts to a C1-,
C∗- or a C∗∗-fibration of P2 \ E¯. Similarly, if c = 2 then so does |Ĉ + Ê|. Since C∗∗ is excluded
by assumption, we get κ(P2 \ E¯) 6 1 by Iitaka’s Easy Addition Theorem; a contradiction.
(c) We have E2 6 −2 by (b). Suppose that E2 = −2. The assumption τj = 2, sj = 1 means
that C ′j meets a twig U = [2] of D. Then |E + 2C ′j + U | induces a P1-fibration of X which
restricts to a C∗∗-fibration of P2 \ E¯; a contradiction. 
2D. Almost minimal models with half-integral boundaries.
Given a log surface (X,B) we say that an irreducible curve l is log exceptional if l2 < 0
and (KX +B) · l< 0. The contraction of such curves leads to a model with strong properties
given by Mori theory. Below we recall a definition of an almost log exceptional curve and the
construction of an almost minimal model of the pair (X0, 12D0) given in [Pal16, Definition 3.6],
which allow to avoid introducing singularities. The notation introduced is used also in Sections
2E and 3.
Definition 2.12 (The morphism ψA). Let D be a reduced connected divisor on a smooth
projective surface X such that κ(X \D) = 2. Assume that A ⊆ X is a (−1)-curve such that
(2.4) A 6⊆ D, A ·D = 2 and A meets D in two different components.
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that is, A is a superfluous (−1)-curve in A+D. For such A we denote by ψA the composition
of contractions of A and all superfluous (−1)-curves in the subsequent images of D which pass
through the image of A.
The morphism ψA is well defined, that is, uniquely determined by A. Indeed, if after some
number of contractions the image of A is a common point of two superfluous curves in the
image of D then it is the only common point of these (−1)-curves, so the linear system of their
sum induces a C∗-fibration of an open subset of X \D, contrary to the fact that κ(X \D) = 2.
Therefore, in each step the contracted (−1)-curve is unique.
Note also that since D is connected, the center of each blowup in the decomposition of ψA is
a common point of two components of the image of D.
We now return to the study of (X0, D0), that is, of the minimal weak resolution of (P2, E¯).
Following [Pal16, Section 3] we define inductively a sequence of contractions between smooth
projective surfaces
(2.5) (X0, 12D0)
ψ1−→ (X1, 12D1)
ψ2−→ . . . ψn−→ (Xn, 12Dn).
First, we define inductively the following divisors on Xi. Recall that a maximal (−2)-twig is a
twig consisting of (−2)-curves which is not properly contained in any other twig consisting of
(−2)-curves.
Notation 2.13 ([Pal16, Notation 3.3]). Let (Xi, Di) be as in (2.5). Assume that Xi is smooth
(cf. Lemma 2.17(a)).
(a) ∆i is the sum of all maximal (−2)-twigs of Di,
(b) Υi is the sum of all (−1)-curves U in Di such that βDi(U) = 3 and U ·∆i = 1 or βDi(U) = 2
and U meets exactly one component of Di (see Figure 4),
(c) ∆+i is the sum of all (−2)-twigs of Di meeting Υi, and ∆−i := ∆i −∆+i ,
(d) Ri = Di −∆i −Υi,
(e) Ei is the proper transform of E¯ on Xi,
(f) D[i = Di −Υi −∆+i − BkDi(∆−i ), see (2.2).
Figure 4. Possible arrangements of a component of Υi inside Di.
Definition 2.14 (Almost log exceptional curves). A (−1)-curve A on (Xi, Di) satisfying (2.4)
is an almost log exceptional curve on (Xi, 12Di) if
(2.6) A ·∆i = 1, A meets a tip of ∆i and A · (Υi + ∆+i ) = 0.
Note that if A is almost log exceptional then ExcψA = A if and only if the tip of ∆−i meeting
A is not a tip of Di (see Figure 5). In this case A meets the last tip of some maximal (−2)-twig
of Di.
If Xi contains an almost log exceptional curve, say Ai+1 ⊆ Xi, we put
ψi+1 = ψAi+1 : Xi −→ Xi+1 and Di+1 = (ψi)∗Di.
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ExcψA = A A ⊆ ExcψA
Figure 5. Possible arrangements of an almost log exceptional curve A on (Xi, 12Di).
Knowing that Xi+1 is smooth (see Lemma 2.17), we proceed by induction. The final pair
(Xi, 12Di), the one with i = n, is the first such that there is no almost log exceptional curve on
(Xi, 12Di). We call (Xn,
1
2Dn) an almost minimal model of (X0,
1
2D0) and we put
(2.7) ψ := ψn ◦ · · · ◦ ψ1.
We call the number n the length of the process (ψ) of almost minimalization. It equals the
number of irreducible curves not contained in D0 contracted by ψ.
Remark. We do not claim that ψ or n is uniquely determined by (X0, 12D0). In general they
depend on the choices of the curves Ai, see Example 2.22. We will simply work with a fixed
choice of ψ.
For (Xi, 12Di) as above we define the peeling morphism
(2.8) αi : (Xi, 12Di) −→ (Yi, 12DYi)
where DYi = (αi)∗Di, as the contraction of ∆i + Υi (it exists by Lemma 2.17(b)).
Remark. The motivation behind Definition 2.14 is [Pal16, Corollary 3.5] which says that there
are no log exceptional curves on (Yi, 12DYi) contained in Di and that A ⊆ Xi is almost log
exceptional on (Xi, 12DYi) if and only if α(A) is log exceptional on (Yi,
1
2DYi).
As a consequence of basic theorems of the log minimal model program and of the construction
of an almost minimal model for (X0, 12D0) in [Pal16, Section 3], we have the following result.
Proposition 2.15 (Properties of minimal models). Let (X0, 12D0)
ψ1−→ . . . ψn−→ (Xn, 12Dn)
be some almost minimalization of (X0, 12D0) as defined above and let αn : (Xn,
1
2Dn) −→
(Xmin, 12Dmin) be a peeling morphism. Then κ(KXi +
1
2Di) = κ(KX +
1
2D) and the follow-
ing hold:
(a) If κ(KX + 12D) > 0 then KXmin +
1
2Dmin is nef.
(b) If κ(KX + 12D) = −∞ then X \D has a C∗∗-fibration or (Xmin, 12Dmin) is a log del Pezzo
surface of rank one, that is, ρ(Xmin) = 1 and −(KXmin + 12Dmin) is ample.
Remark 2.16 (The shape of Υ0 + ∆+0 ).
(a) Let us note that Ei ⊆ Ri. This fact is implicitly used in the proof of [Pal16, Theorem
4.5(6)] (in the form of the equality c′0 = #Υ00). Let us give a proof. Clearly Ei 6⊆ ∆i
because E0, and hence each Ei for i = 1, . . . , n is not contained in any twig of Di. Suppose
that Ei ⊆ Υi. Then, since βD0(E0) =
∑c
j=1(τj + 1 − sj) > 2, we get E0 ⊆ Υ0, so
(c, τ1, s1) = (1, 2, 1), that is, the multiplicity sequence of the unique cusp q1 ∈ E¯ consists of
even terms followed by (1, 1) at the end, and E20 = −1, so E2 = −3. Then Lemma 2.10(b)
gives (deg E¯)2 ≡ 3 (mod 4); a contradiction.
(b) By (a) Υ0 ⊆ C1 + · · ·+Cc, so it is easy to see that the divisor Υ0 + ∆+0 equals the sum of
exceptional divisors over the semi-ordinary cusps of E¯ (see Example 2.8). By Definition
2.14 its push-forward on Xi does not meet almost log exceptional curves. Consequently, if
all cusps of E¯ are semi-ordinary then n = 0, that is, (X0, 12D0) is already almost minimal.
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Lemma 2.17 (Properties of (Xi, 12Di), [Pal16]). Let (Xi, Di) be as above. Then
(a) Xi is smooth, Ei is smooth and Di − Ei is snc.
(b) The components of Υi are disjoint.
(c) α∗i (KYi + 12DYi) = KXi +
1
2D
[
i .
(d) Excψi is a chain and Excψi − Ai is contained in (at most two) maximal twigs of Di−1.
(e) The point ψi(Ai) is a point of normal crossings of two components of Di. The set SuppDi\
ψi(Ai) is connected.
(f) (ψi)∗(Υi−1) ⊆ Υi and (ψi)∗(∆+i−1) ⊆ ∆+i .
(g) The morphism ψi does not touch the proper transforms of the twigs of Di. In particular,
(ψ−1i )∗∆i ⊆ ∆i−1 and (ψ−1i )∗∆−i ⊆ ∆−i−1.
(h) (ψ−1i )∗Ri ⊆ Ri−1.
Proof. Parts (a),(b) and (c) are proved in [Pal16], Proposition 4.1(i) and Lemma 3.4(i). Parts
(d) and (e) follow from the fact that Di−1 is connected and Ai ·Di−1 = 2, so Ai lies in a circular
subdivisor of Di−1 + Ai, and ψi contracts superfluous (−1)-curves, which are non-branching
in the images of Di−1 + Ai. By [Pal16, Proposition 4.1(iii)] (ψi)∗(Υi−1) ⊆ Υi, so Υi−1 is not
touched by ψi. Then ∆+i−1 is not touched by ψi, because Ai ·∆+i−1 = 0. This gives (f). Part (g)
is a direct consequence of (e) and (f).
For the proof of (h) let G be a component of Di−1 such that ψi(G) ⊆ Ri. By (f), G is not a
component of Υi−1. Suppose that it is contained in some (−2)-twig ∆G of Di−1. The morphism
ψi touches but does not contract G, so Ai meets ∆G. There is no component of Di−1 − ∆G
meeting both G and Ai, because otherwise we get ψi(G) ⊆ Υi, contrary to the assumption. It
follows that Ai meets G. But then either ψi contracts G or again ψi(G) ⊆ Υi; a contradiction.

2E. Consequences of non-existence of a C∗∗-fibration.
As before, assume E¯ ⊆ P2 is a rational cuspidal curve for which the Negativity Conjecture 1.1
holds. Let pi : (X,D) −→ (P2, E¯) and pi0 : (X0, D0) −→ (P2, E¯) denote respectively the minimal
log resolution and the minimal weak resolution. We have κ(KX + 12D) = κ(KX0 +
1
2D0) by
Proposition 2.15. As discussed above, by the existing classification results we may reformulate
our assumptions as:
(2.9) E¯ ⊆ P
2 is a rational cuspidal curve such that κ(P2\E¯) = 2, κ(KX0+ 12D0) = −∞
and P2 \ E¯ has no C∗∗-fibration
By Proposition 2.15(b), (Xmin, 12Dmin) is a log del Pezzo surface of rank 1, hence the number
(2KXmin +Dmin)2 is positive. This number is computed in [Pal16, Lemma 4.4] and it is shown in
4.5(6) loc.cit. that its positivity bounds the number of components of Dn. The explicit formula
for this bound is important for us. It can be conveniently formulated in terms of contributions
λj, j = 1, . . . , c of cusps (see (2.11)) which we define as
(2.10) λj = τj − sj + #(ψ∗Qj − ψ∗Qj ∧Υ0n)− b0(ψ∗Qj ∧∆n),
where Υ0n is the sum of those components of Υn which do not meet ∆+n (see also Notation 2.6.)
Remark 2.18 (Properties of λj). We have λj > τj − sj > 1. Moreover:
(a) A cusp qj ∈ E¯ is ordinary if and only if λj = 1.
(b) If qj ∈ E¯ is semi-ordinary then λj = 1 + tj.
(c) If qj ∈ E¯ is not ordinary and ψ does not touch Qj then
λj = τj − sj + #Qj − b0(Qj ∧∆0) > τj.
Proof. Assume that qj ∈ E¯ is a semi-ordinary cusp, that is, (τj, sj) = (2, 1) and Qj = [(2)tj , 1]
(see Example 2.8). By Remark 2.16(b) and Lemma 2.17(f) ψ does not touch Qj, so #ψ∗Qj =
tj + 1. Moreover, if tj = 0 then we have ψ∗Qj ∧Υ0n = ψ(Cj) and b0(ψ∗Qj ∧∆n) = 0; otherwise
ψ∗Qj ∧Υ0n = 0 and b0(ψ∗Qj ∧∆n) = 1. This proves (b). Assume now that qj is not an ordinary
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cusp. Then ψ(Cj) 6⊆ Υ0n+∆n, so #(ψ∗Qj−ψ∗Qj∧(Υ0n+∆n)) > 1 and hence λj > τj−sj+1 > 2.
Thus (b) implies (a). If additionally ψ does not touch Qj then it follows that ψ∗Qj is disjoint
from Υ0n, which gives (c). 
Lemma 2.19 (The basic inequality). Let the assumptions be as in (2.9). Then
(2.11) λ1 + · · ·+ λc 6 6.
Proof. By Lemma 2.17(c), we have 0 < (2KXmin +DXmin)2 = (2KXn +D[n)2. Let (X ′n, D′n) −→
(Xn, Dn) be the minimal log resolution of (Xn, Dn). By [Pal16, Lemma 4.4]:
(2KXn +D[n)2 = 3h0(2KX +D) + 8 + b0(∆′n) + #Υ0n − ρ(X ′n)− n−
∑
T
1
d(T ) ,
where the last sum runs over all connected components T of ∆−n and ∆′n is the sum of the (−2)-
twigs of D′n. Lemma 2.17(e) implies that ψ is an isomorphism near the non-nc points of D0, so
(X ′n, D′n) −→ (Xn, Dn) resolves the tangency points of En and ψ∗Cj. The exceptional divisor
over such point contains τj components and sj maximal (−2)-twigs of D′n (see Section 2C).
Thus b0(∆′n) = b0(∆n) +
∑c
j=1 sj and ρ(X ′n) + n = #D′n = 1 +
∑c
j=1(τj + #ψ(Qj)). Therefore,
0 < (2KXmin +DXmin)2 = 3h0(2KX +D) + 7−
c∑
j=1
λj −
∑
T
1
d(T ) 6 3h
0(2KX +D) + 7−
c∑
j=1
λj.
Eventually, h0(2KX +D) = 0 by our assumptions, so (2.11) follows. 
Lemma 2.20 (Pullbacks of almost log exceptional curves). Let Xk, k ∈ {0, . . . , n− 1} be one
of the surfaces in Proposition 2.15. For i > k + 1 denote by A′i the proper transform of Ai on
Xk. Then
(a) A′i is almost log exceptional on (Xk, 12Dk).
(b) Total transforms of the divisors Excψi, i > k + 1 are equal to their proper transforms,
hence are pairwise disjoint.
(c) If (2.9) holds then the proper transform of Excψi on Xk equals ExcψA′i .
Proof. By induction we may assume i = k + 2. Put A = A′k+2 ⊆ Xk.
(a) Lemma 2.17(e) implies that Ak+2 does not pass through ψk+1(Ak+1), so ψk+1 does not
touch A. It follows that A is as in (2.4). Let W ⊆ ∆−k+1 be the maximal (−2)-twig of Dk+1
meeting Ak+2 and let W ′ = (ψ−1k+1)∗W . By Lemma 2.17(g) W ′ ⊆ ∆k, so A · ∆k > 1. By
Lemma 2.17(f), A · (Υk + ∆+k ) 6 Ak+2 · (Υk+1 + ∆+k+1) = 0. Suppose (a) fails. Consider the
case when W ′ is not a maximal (−2)-twig. Then there is a component W ′0 ⊆ ∆k meeting W ′,
such that ψk+1(W ′0) * ∆k+1. By Lemma 2.17(d) it follows that Ak+1 meets W ′0 and hence
Excψk+1 = Ak+1. But then ψk+1(W ′0) ⊆ Υk+1 and W ⊆ ∆+k+1; a contradiction. Thus W ′ is a
maximal (−2)-twig of Dk. Since (a) fails, we have A·∆k > 2. Then A meets a different maximal
(−2)-twig W ′′ ⊆ Dk. Since Ak+2 is almost log exceptional, (ψk+1)∗(W ′′) is not a (−2)-twig.
Then Ak+1 meets W ′′. Since ψk+1 does not touch A, it does not contract the component of W ′′
meeting A, hence the latter becomes necessarily a component of Υk+2. But then Ak+2 is not
almost log exceptional; a contradiction.
(b), (c) By Lemma 2.17(d), Excψk+2 −Ak+2 is contained in the sum of twigs of Dk+1, so by
Lemma 2.17(e), it does not pass through the image of Ak+1. Consequently, the proper and the
total transforms of Excψk+2 on Xk are equal. Denote them by T . The self-intersection and
branching numbers of the components of Excψk+2 and of their proper transforms are the same,
so T ⊆ ExcψA. Suppose that the inclusion is proper and let σ be the contraction of T (it is a part
of ψA). Then there is a component V of ExcψA−T such that σ(V ) is a superfluous (−1)-curve
in σ∗Dk and the chain σ∗(Excψk+1) meets V . Now contract the (−1)-curves in the subsequent
images of σ∗(Excψk+1) until the image of σ(V ), say V ′, becomes a 0-curve. The branching
number of V ′ in the image of Dk equals at most βσ∗(Dk+Ak+1)(σ∗V ) 6 βσ∗Dk(σ∗V )+1 6 3. Thus
|V ′| induces a P1-fibration which restricts to a C∗∗-fibration of some open subset of P2 \ E¯; a
contradiction with (2.9). 
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Remark 2.21 (Changing the process of almost minimalization). Lemma 2.20(c) implies that
given a process of almost minimalization ψ of (X0, 12D0) as above and two almost log exceptional
curves Ai, Aj, j > i in this process, there exist another process of almost minimalization ψ
which agrees with ψ until it reaches Xi−1 but at the i-th step contracts A, the proper transform
of Aj, instead of Ai, and moreover that the respective ψA is the proper transform of Excψj.
However, after such reordering it may happen that the push-forward of Ai on Xi is no longer
almost log exceptional (hence at the end we may get a non-isomorphic almost minimal model).
Therefore, we cannot freely change the order of contractions of almost log exceptional curves.
This is illustrated in the example below.
Example 2.22 (Non-uniqueness of almost minimal models). Let us look at a curve of type
J (2) (the situation for other J (k) is similar, see Propositions 3.16 - 3.17). It is constructed in
Section 4D. Figure 6 illustrates two possible courses (α3 ◦ ψ3 ◦ ψ2 ◦ ψ1 and α2 ◦ ψ˜2 ◦ ψ1) of log
MMP for the pair (X0, 12D0).
First, we find relevant almost log exceptional curves as in Figure 6. For j = 1, 2 denote by
Vj, Wj respectively the (−3)-curve and the short (−2)-twig of Qj, and denote the first and the
last tip of the long (−2)-twig by U1 and U2, respectively. Let L be the proper transform on
X0 of the line l tangent to E¯ at q1. The multiplicity sequence of q1 is (4, 4, 4, 2, 2), hence the
inequality 4 < (l1 · E¯)q1 6 deg E¯ = 9 implies that (l · E¯)q1 = 8, so by the projection formula
L · U2 = 1 and l · E¯ − (l · E¯)q1 = 1. It follows that L meets the remaining part of D0 only in
E0, once and transversally. We now show the existence of (−1)-curves Lj, j = 1, 2 satisfying
Lj ·D0 = 2 and meeting D0 on Wj and V2−j. To this end, let η : X0 −→ X˜0 be the contraction
of L + (D0 − E0 − V1). Then ρ(X˜0) = 1, so X˜0 ∼= P2 and η∗E0 is a cuspidal curve with cusps
p1, p2 whose multiplicity sequences are (2, 2) and (4, 2, 2), respectively. Moreover, η∗V1 is a line
meeting η∗E0 at η∗L with multiplicity 2 and at p1 with multiplicity 4. Thus deg(η∗E0) = 6.
Let l1 be the line tangent to η∗E0 at p2. Then (l1 · η∗E0) = 6, so l1 does not meet η∗E0 in any
other point and meets η∗V1 not on η∗E0. Let l2 be the line joining the two cusps of η∗E0. Then
6 = l2 · η∗E0 > (l2 · η∗E0)p1 + (l2 · η∗E0)p2 > 2 + 4 = 6, so l2 meets η∗E0 only at p1, p2 with
multiplicities 2 and 4. It follows that the proper transforms L1, L2 of l1, l2 are as claimed.
As the first step of the construction of an almost minimal model we take A1 := L1, then
Excψ1 = W1 + 2L1 +V2 and the images of L, L2 are both almost log exceptional. Now we have
a choice: we can either take A2 := (ψ1)∗L or A2 := (ψ1)∗L2. To emphasize that, we denote ψ2
by ψ˜2 in the second case.
Consider the first choice. Then Excψ2 = (ψ1)∗L and the image of L2 is almost log exceptional.
We then take A3 := (ψ2 ◦ ψ1)∗L2, so Excψ3 = (ψ2 ◦ ψ1)∗(L2 + W2). Now ∆−3 = 0, so X3 has
no almost log exceptional curves, and we conclude that n = 3. The peeling morphism (2.8)
contracts the image of U1 + U2. Thus Xmin ∼= P2 and Dmin is a conic inscribed in a triangle.
Consider the second choice, that is, A2 := (ψ1)∗L2. Then Exc ψ˜2 = (ψ1)∗(L2 + W2). But
(ψ˜2 ◦ ψ1)∗(V1 + U2 + U1) = Υ2 + ∆+2 , so the image of L meets ∆+2 and thus is not almost log
exceptional. In fact, ∆−2 = 0, so we conclude that n = 2. The peeling morphism (2.8) contracts
the image of V1 +U2 +U1. Again Xmin ∼= P2, but now Dmin consists of two conics meeting with
multiplicities 3 and 1 and a line tangent to both of them.
Note that although (ψ1)∗L is almost log exceptional, its push-forward via ψ2 is not, even
though ψ2 does not touch (ψ1)∗L or the components of D1 meeting it. Moreover, the curve V1
can become a component of Υn or not, depending on the choice of ψ. Note also that the two
almost minimal models constructed above have different Picard ranks: 3 in the first case and
4 in the second case.
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Excψ1=L1+W1+V2

Exc ψ˜2=L2+W2

Excψ2=L
//
Excψ3=L2+W2

Excα2=V1+U2+U1

Excα3=U2+U1

Figure 6. Two minimal models of (X0, 12D0) for E¯ ⊆ P2 of type J (2).
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3. Possible types of cusps
In this section we prove the following proposition, which is the main part of Theorem 1.2.
Proposition 3.1. Let E¯ ⊆ P2 be as in (2.9). Then E¯ has one of the singularity types listed in
Definition 1.3.
We use Notation 2.6 for the minimal weak resolution pi0 : (X0, D0) −→ (P2, E¯) and notation
from Section 2D for a fixed process of almost minimalization
ψ = ψn ◦ · · · ◦ ψ1 : (X0, 12D0) −→ (Xn, 12Dn).
In particular, we have a decomposition
ψ∗D0 = Dn = Rn + Υn + ∆n.
The divisors Υn and ∆n, which are contained in the fixed loci of all systems |m(2Kn + Dn)|,
m > 1, consist of (−1)-curves and (−2)-curves respectively and their geometry is clear; see
definitions after (2.5). Their sum is the exceptional divisor of the peeling morphism (2.8)
αn : (Xn, 12Dn) −→ (Xmin, 12Dmin).
The goal of Section 3A is to investigate the geometry of the divisor Rn and to impose restrictions
on the shape of Dn. Recall that the number of components of Dmin = (αn)∗Dn is bounded by
(2.11). In Sections 3B–3C we perform a case-by-case study of possible pairs (Xmin, Dmin) and
we recover from them the pairs (X0, 12D0).
Recall that by Lemma 2.17(d) all components of D0 contracted by a process of almost
minimalization are contained in the maximal twigs of D0. Let us note that by [Pal16, Corollary
1.3] D0 has at most 20 components which are not contained in such twigs. A bound of this
type cannot exist if κ(P2 \ E¯) 6= 2, see e.g. [Kas87, Ton00b].
By Iitaka’s Easy Addition Theorem, (2.9) implies that no open subset of P2 \ E¯ admits a
C1-, C∗- or a C∗∗-fibration. In particular, Xn \Dn does not admit such a fibration.
3A. Restrictions on the geometry of almost minimal models.
Recall that Qj ⊆ D0 denotes the exceptional divisor of pi0 over the cusp qj ∈ E¯, j = 1, . . . , c.
It contains a unique (−1)-curve Cj, which is the exceptional curve of the last blowup over qj.
For more details and notation see Section 2C and Figure 2. In particular, we use Notation 2.6.
Additionally, we decompose αn as α−n ◦ α+n , where
α+n : (Xn, 12Dn) −→ (Z, 12DZ)
contracts Υn + ∆+n and
α−n : (Z, 12DZ) −→ (Xmin, 12Dmin)
contracts the image of ∆−n . We put ψ+ = α+n ◦ ψ. We have a factorization αn ◦ ψ = α−n ◦ ψ+,
where α−n : Z −→ Xmin is a minimal resolution of singularities:
(3.1) (X0, 12D0)
ψ //
ψ+
66
(Xn, 12Dn)
α+n //
αn
((
(Z, 12DZ)
α−n // (Xmin, 12Dmin)
Lemma 3.2 (Properties of Rn).
(a) Every component of Υn − ψ∗Υ0 meets Rn in two points, exactly one of which is a center
of ψ.
(b) (ψ−1)∗Rn is a connected subdivisor of R0.
(c) #Rn = #Dmin = n+ 1.
(d) Any two distinct components of Dmin meet.
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(e) For each component G of D0 − E0 we have ψ+(G) · ψ+(E0) 6 G · E0 + 1. If the equality
holds then the unique connected component of Excψ+ meeting G and E0 is a chain equal
to A + ∆A, where ∆A is a maximal (−2)-twig of D0 meeting G and A is an almost log
exceptional curve meeting E0.
Case A+ ∆A ⊆ Excψ. Case A+ ∆A 6⊆ Excψ.
Figure 7. The preimage on X0 of a center of ψ+ on En (Lemma 3.2(e)).
(f) Every component of (ψ−1)∗Rn − E0 meets E0 + ∆0 − (ψ−1)∗∆n.
(g) The centers of ψ+ are the semi-ordinary cusps of ψ+(E0) and the images of A1, . . . , An.
At each of the latter points exactly two analytic branches of Dmin meet.
(h) n = 0 if and only if all cusps of E¯ are semi-ordinary.
Proof. (a) Let U be a component of (ψ−1)∗Υn − Υ0. Because U 6⊆ Υ0, the morphism ψ
touches U , so ψ(U) contains a center of ψ. By Lemma 2.17(b),(g), this center is not contained
in ∆n + (Υn − ψ(U)), by Lemma 2.17(e) it is a point of normal crossings of ψ(U) and Rn. We
have ψ(U) ·Rn = 2 by the definition of Υn and by Lemma 2.17(b), so ψ(U) meets Rn in exactly
two points. Moreover, one of these points is not a center of ψ, for otherwise by Lemma 2.17(e)
D0 would not be connected.
(b) Lemma 2.17(e) implies that (ψ−1)∗Dn is connected. By Lemma 2.17(g), (ψ−1)∗∆n is
contained in the sum of twigs of (ψ−1)∗Dn, hence (ψ−1)∗(Dn − ∆n) = (ψ−1)∗(Rn + Υn) is
connected. Let U ⊆ X0 be a proper transform of a component of Υn. If U ⊆ Υ0 then U
is the unique (−1)-curve over a semi-ordinary cusp (see Remark 2.16), and if U 6⊆ Υ0 then
U · (ψ−1)∗Rn = 1 by (a). In any case, U meets (ψ−1)∗(Dn −∆n) in one point, so (ψ−1)∗(Dn −
∆n)−U is connected. Thus (ψ−1)∗Rn = (ψ−1)∗(Dn−∆n−Υn) is connected and (ψ−1)∗Rn ⊆ R0
by Lemma 2.17(h).
(c) The minimal model (Xmin, 12Dmin) of (X0,
1
2D0) is a log del Pezzo surface of rank one.
Hence
#Dmin − 1 = #Dmin − ρ(Xmin) = #D0 − ρ(X0) + n = #E¯ − ρ(P2) + n = n.
Recall that Rn is the proper transform of Dmin on Xn (see Proposition 2.15). Therefore,
#Rn = #Dmin = n+ 1, as claimed.
(d) Because ρ(Xmin) = 1, every curve on Xmin is numerically equivalent to a positive multiple
of an ample divisor on Xmin, hence every two distinct curves on Xmin have a positive intersection
number.
(e) If G ·E0 < ψ(G) ·En then we are done by [Pal16, Lemma 4.1(vii)] and Lemma 2.20(a), so
assume G ·E0 = ψ(G) ·En < ψ+(G) · αn(En). Then ψ(G) meets a component U ⊆ Υn − ψ∗Υ0
for which U · En > 0. The former implies that (ψ−1)∗U · E0 = 0, so we are done by applying
[Pal16, Lemma 4.1(vii)] to U .
(f) This follows immediately from (d) and (e).
(g) This follows from Lemma 2.17(d) and from the definition of Υn (see Figure 4).
(h) If E¯ has only semi-ordinary cusps then ∆−0 = 0, so there is no almost log exceptional
curve on (X0, 12D0) (see (2.6)), hence n = 0. Conversely, if n = 0 then (c) gives #R0 = 1, so
R0 = E0. Then C1, . . . , Cc ⊆ Υ0, so q1, . . . , qc are semi-ordinary. 
The following Lemma is a step towards Lemma 3.5. For the definition of T1, T 01 and T ′1 see
Notation 2.6(f),(h) and (i), respectively.
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Lemma 3.3 (A restriction on loops in Ai+Qj). If a proper transform A of some Ai, i = 1, . . . , n
meets tip+(Tj) for some j = 1, . . . , n then A · (T 0j + tip+(T ′j)) = 0.
Proof. We can assume j = 1. By Lemma 2.20(a) A is an almost log exceptional curve on
(X0, 12D0). Since A meets tip
+(T1), we have T1 6= 0, A ·tip+(T1) = 1 and A ·(D0−tip+(T1)) = 1
by (2.6). Suppose A meets T 01 + tip+(T ′1). Let P be the circular subdivisor of D0 + A and let
V be the component of P meeting D0 + A − P , see Figure 8. Because Dn − Rn is a sum of
disjoint chains, ψ∗P contains a component of Rn. Hence V ⊆ (ψ−1)∗Rn by Lemma 3.2(b). The
only possible (−2)-twig of D0 meeting V , namely ∆T1 (see Notation 2.6(g)), is contained in P ,
so by Lemma 3.2(d),(e) V · E0 = ψ+(V ) · ψ+(E0) > 0. Hence V equals C1 or C˜1.
Case A · T 01 = 1. Case A · tip+(T ′1) = 1.
Figure 8. The curve A from the proof of Lemma 3.3.
Consider the case V = C1. Since C1 is non branching in Q1, Lemma 2.7(b),(c) gives Q1 =
P − A. Let σ be the contraction of P − C1 + (Q2 + · · · + Qc). The image of X0 is a smooth
surface of Picard rank one, so it is isomorphic to P2. The image of C1 has one singular point,
which is an ordinary double point, so σ(C1) is a nodal cubic, and σ(C1) · σ(E0) = C1 ·E0 = τ1.
Hence 3 deg σ(E0) = τ1. We have τ1 6 λ1 6 6 by (2.11), so deg σ(E0) 6 2. In particular, σ(E0)
is smooth, so c = 1. Moreover, σ does not touch E0, so
E2 = E20 − τ1 = σ(E0)2 − τ1 = (deg σ(E0))2 − 3 deg σ(E0) = −2,
a contradiction with Lemma 2.11(a).
Consider the case V = C˜1. By the definition of T 01 the components of P − A are the last
components of Q1 contracted by pi0, so Q1 = (P − A) + C1 + ∆C1 , where ∆C1 is a (−2)-
twig of D0 meeting C1, say ∆C1 = [(2)r−1] for some r > 1. Let σ be the contraction of
P − C˜1 + (C1 + ∆C1) + (Q2 + · · · + Qc). As in the previous case, we see that σ(X0) ∼= P2 and
σ(C˜1) is a nodal cubic. The curve σ(E0) has a cusp with multiplicity sequence ((τ1)r) at σ(C1),
so 3 deg σ(E0) = σ(C˜1) · σ(C1) = τ1r + 1. Note that ψ∗Q1 contains ψ(C1) + ψ(C˜1), so
#ψ∗Q1 − b0(∆n ∧ ψ∗Q1)−#Υ0n ∧ ψ∗Q1 > 2.
We have s1 = 0 (see Notation 2.6(d)), so λ1 > τ1 +2. Thus τ1 6 λ1−2 6 4 by (2.11). It follows
that 3 deg σ(E0) 6 4r + 1. Because σ(E0) is singular, we have deg σ(E0) > 3, so r > 2. The
intersection multiplicity of a cusp with its tangent line equals the sum of some initial terms of
its multiplicity sequence, so in our case 2τ1 6 deg σ(E0). Thus 6τ1 6 3 deg σ(E0) = τ1r + 1,
which gives r > 6. It follows that ψ contracts some components of ∆C1 : indeed, otherwise
#ψ∗Q1 − b0(∆n ∧ ψ∗Q1)−#Υ0n ∧ ψ∗Q1 > #(C1 + C˜1 + ∆C1)− 1 > 6,
so λ1 > τ1 + 6 > 8, contrary to (2.11). Thus there exists another almost log exceptional curve
Ai′ , i′ 6= i, whose proper transform A′ ⊆ X0 meets tip+(∆C1). Lemma 2.20 implies that A′
meets D0 in tip+(∆C1) and in
D0 −∆C1 − (ExcψA − A) = (C1 + C˜1) + (E0 +Q2 + · · ·+Qc).
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It follows that A′ meets C1 + C˜1: indeed, otherwise 1 = σ(C˜1) · σ(A′) = 3 deg σ(A′), which
is impossible. Let σ′ be the contraction of P − C˜1 + (A′ + ∆C1) + (Q2 + · · · + Qc). Again,
σ′(X0) ∼= P2 and σ′(C˜1) is a nodal cubic. The curve A′ meets C1, because otherwise A′ meets
C˜1 and σ′(C1)2 = C21 + 1 = 0, which is impossible. Hence σ′(C1) is also a nodal cubic, so
9 = σ′(C1) · σ′(C˜1) = C1 · C˜1 = 1; a contradiction. 
Remark 3.4 (Orevkov curves). The proof of Lemma 3.3 uses the assumption (2.9) that P2 \ E¯
has no C∗∗-fibration, which is necessary and was used to restrict the shape of T1 +T ′1. To see the
necessity of this assumption let E¯ ⊆ P2 be the Orevkov curve OR1(k) or OR2(k) (originally,
in [Ore02] denoted by C4k, C∗4k). The minimal weak resolution of such curve is shown in Figure
9, cf. Figures 20–21 in [PP17]. The existence of an almost log exceptional curve A meeting
tip+(T1) and T 01 + tip+(T ′1), see Figure 9, is shown e.g. in [Ton12b, Lemma 15] (see [PP17,
Example 3.2] for the case k = 0). Here the twigs T1, T ′1 are complicated (in particular can be
arbitrarily long) and ψ = ψA contracts them.
Figure 9. An almost log exceptional curve A excluded by Lemma 3.3.
The following lemma will be used to show the existence of a line l⊆ P2 as in Theorem 1.4.
Note that by Lemma 2.7(c) Tj = ∆Tj (see Notation 2.6(g)) if and only if Qj = [2, . . . , 2, 1] and
C˜j = 0, equivalently if and only if T 0j = Cj. Note also that if Tj is a twig of D0 then C˜j * Tj,
so in the latter equivalence the condition C˜j = 0 can be omitted.
Lemma 3.5 (Some almost log exceptional curves give special lines). Let (µj, µ′j, . . . ) be the
multiplicity sequence of qj ∈ E¯, j = 1, . . . , c. Assume that for some j
(3.2) ψ contracts Tj and Tj 6= ∆Tj 6= 0.
Then we can renumber the cusps of E¯ so that the following hold:
(a) j = 1 and the proper transform A of some Ai meets tip+(T1) and tip+(T2),
(b) t2 = 0 and tip+(T2) ⊆ ExcψA,
(c) ExcψA = T1 + A+ T2 ∧ (D0 − C˜2),
(d) pi0(A) is a line meeting E¯ only at q1 and q2 with multiplicities µ1, µ2, respectively,
(e) deg E¯ = µ1 + µ2,
(f) the cusps q1, q2 ∈ E¯ are not semi-ordinary.
(g) For every i′ 6= i, the proper transform of Ai′ mets Q2. If it is disjoint from Q1 then it
meets E0 and tip+(T ′2) and we have deg E¯ = µ2 + µ′2 + 1. If additionally s1 = s2 = 1 then
{τ1, τ2} = {2, 3}.
(h) ψ does not touch Q3 + · · ·+Qc.
Moreover, denoting by ε the number of cusps for which (3.2) holds, we have
(3.3) b0(∆−n ) 6 ε 6 1.
Proof. Without loss of generality we may assume j = 1.
(a) Because T1 ⊆ Excψ, by Lemma 2.17(d) T1 is a twig of D0 and the proper transform
of some Ai, say A, meets tip+(T1). Then T1 ⊆ ExcψA by Lemma 2.20(c). By assumption,
T1 contains a twig of D0 of type [(2)t1 , a] for some t1 > 1, a > 3, so A meets a tip W of D0
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contracted by ψA. Hence W 2 = −(t1 + 2) 6 −3. We may assume that W ⊆ Qk for some
k ∈ {1, 2}. Contract Ck and subsequent (−1)-curves in the images of Qk as long as W is not
touched and denote this morphism by σ, see Figure 10. By the contractibility of Qk, the divisor
σ∗Qk has a twig TW = [t1 + 2, 1, (2)t1 ] such that σ(W ) = tip+(TW ). Clearly, W 6= tip+(T1).
Figure 10. The divisor σ∗(Qk +Q1) from the proof of Lemma 3.5(a).
Suppose W 6= tip+(T2). Then TW is a proper subdivisor of σ∗Qk. It follows that the proper
transform V ′ ⊆ X0 of the subchain [(2)t1 ] of TW is disjoint from ∆0 and contains no branching
component of Qk.
We claim that V ′ has a component V disjoint from E0. Suppose otherwise. Then V ′ = C˜k
and W meets Ck, so σ = id and t1 = 1. We have now ExcψA = W + A + T1 = [3, 1, 2, 3, (2)b]
for some b > 0, hence ψA touches Ck exactly b+ 2 times. Let η : X0 99K X ′ be a composition of
ψA and b+ 1 blowups at the common points of successive proper transforms of E0 and Ck. Let
D′ be the reduced total transform of D0. Then |η∗Ck| induces a P1-fibration of X ′ and, since
X ′ \D′ is isomorphic to an open subset of X0 \D0, (2.9) implies that
4 6 η∗Ck ·D′ = 2 + η∗E0 · η∗Ck = 2 + max{τk − b− 1, 0}.
Hence τk > 3 + b. The divisor ψ∗Qk − (∆n + Υ0n) ∧ ψ∗Qk contains the images of Ck and C˜k, so
λk > τk + 2 > 5 + b. Remark 2.18(a) gives λ1 > 2, so (2.11) implies that k = 1. The divisor
Q1 contains a branching component B1, because otherwise Q1 is a chain and W = tip+(T ′1),
contrary to Lemma 3.3. Moreover, B1 6= C˜1 because C˜1 is contained in the twig TW of Q1.
Hence ψ∗Q1− (∆n + Υ0n)∧ψ∗Q1 contains the images of C1, C˜1 and B1, so λ1 > 3 + τ1 > 6 + b.
Now (2.11) implies that c = 1, b = 0, τ1 = 3 and
ψ∗Q1 − (∆n + Υ0n) ∧ ψ∗Q1 = ψ(C1) + ψ(C˜1) + ψ(B1) = Rn − E0.
The latter implies that B1 is the only branching component of Q1 and meets C˜1 ⊆ TW , so
Q1 = B1 +T1 +T ′1 +TW with TW = [3, 1, 2] and T1 = [2, 3]. Then T ′1 = [2] and B21 = −3 by the
contractibility of Q1. It follows that q1 ∈ E¯ has multiplicity sequence (14, 14, 7, 7, 4, 3), hence
I(q1)−M(q1) = 518− 52 = 466. This is in contradiction with Lemma 2.10(c).
Thus V ′ has a component V disjoint from E0. Since V ′ is disjoint from ∆0, Lemma 3.2(f)
gives V 6⊆ (ψ−1)∗Rn. We have V ⊆ Excψ or ψ(V ) ⊆ Υ0n, so βDn(ψ(V )) 6 2. In the second
case, ψ(V ) contains a center of ψ, so its proper transform meets a connected component of
Excψ. In any case, Lemma 2.17(d) implies that V is contained in a twig of D0 whose first tip
meets a proper transform A′ of some almost log exceptional curve Ai′ , i′ 6= i. It follows that
σ(W ) and σ∗(Qk −W ) ⊇ σ(V ) are twigs of σ∗Qk, so σ∗Qk is a chain. We have W 6= tip+(Tk)
by assumption, so W = tip+(T ′k), hence V ⊆ Tk and so tip+(Tk) meets A′. Lemma 3.3 applied
to A implies that k 6= 1, so k = 2. Then pi0(A) is smooth and pi0(A)2 = A2 + 1 + (t2 + 2) > 1, so
pi0(A) is a conic. We have pi(A) ∩ pi(A′) ⊆ {q1, q2}. Since A′ meets the first exceptional curve
over q2, we have (pi(A′) · pi(A))q2 = 1. Similarly, since A meets the first exceptional curve over
q1, we have (pi(A′) · pi(A))q1 = µ, where µ > 0 is the multiplicity of pi0(A′) at q1. Therefore,
2 deg pi0(A′) = pi0(A) · pi0(A′) = µ + 1, hence µ > 1, that is q1 ∈ pi0(A′). Denoting by l1 the
line tangent to pi0(A′) at q1, we obtain deg pi0(A′) > (pi0(A′) · l1)q1 > µ + 1 = 2 deg pi0(A′); a
contradiction.
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(b) We have t2 = 0 by (a), because A ·∆0 = 1 by Lemma 2.20(a). Moreover, since T1 6= ∆T1 ,
we have A+ T1 ( ExcψA, so ψA contracts tip+(T2).
(c) We have tip+(T2) ⊆ ExcψA by (b), and since by definition T2 does not contain C2, the
maximal twig of D0 containing tip+(T2) equals T2 ∧ (D0 − C˜2). Thus ExcψA ⊆ T1 + A+ T2 ∧
(D0−C˜2), and by (3.2) for the opposite inclusion it suffices to show that T2∧(D0−C˜2) ⊆ Excψ.
Suppose a component V of T2 ∧ (D0 − C˜2) is not contracted by ψ. Since V is disjoint from
∆0 + E0, by Lemmas 2.17(g) and 3.2(f) ψ(V ) ⊆ Υ0n. But since A · Q1 = A · Q2 = 1, the
component ψ(V ) meets two different components of Dn − ψ(V ); a contradiction.
(d), (e) Since A meets D0 only at tip+(Tj) for j = 1, 2, we have (pi0(A) · E¯)qj = µj and
pi0(A)2 = A2 + 2 = 1, so µ1 + µ2 = pi0(A) · E¯ = deg E¯.
(f) This holds because by Remark 2.16(b) ψ does not touch the exceptional divisors over
semi-ordinary cusps.
(g) Let A′ ⊆ X0 be the proper transform of Ai′ for some i′ ∈ {1, . . . , n} and assume A′ ·Qj = 0
for some j ∈ {1, 2}. By (a), A′ 6= A. Since pi0(A) is a line, we have deg pi0(A′) = pi0(A)·pi0(A′) =
µ, where µ is the multiplicity of pi0(A′) at q3−j. In particular, q3−j ∈ pi0(A′), so A′ meets Q3−j.
Furthermore, pi0(A′) is a line, because otherwise the line tangent to some branch of pi0(A′)
at q3−j ∈ pi0(A′) meets pi0(A′) with multiplicity bigger than µ, which is impossible, because
deg pi0(A′) = µ. Thus pi0(A′)2 − (A′)2 = 2, so pi0 touches A′ twice. We have A′ · ExcψA = 0 by
Lemma 2.20(b), so by (b) A′ · (T1 + tip+(T2)) = 0. Hence A′ meets D0 −E0 only in the second
component of Q3−j, say V , and A′ · V = 1. By Lemma 2.20(a) A′ is almost log exceptional on
(X0, 12D0), so 1 = A
′ ·(D0−V ) = A′ ·E0 and A′ ·∆0 = 1, so V ⊆ ∆0. Because T2 is disjoint from
∆0 by (b), we have V 6⊆ T1 + T2. Hence V = tip+(T ′3−j) and t3−j = 0, so j = 1 by assumption
(3.2). It follows that pi0(A′) is a line meeting E¯ transversally in the image of A′ ∩E0 and with
multiplicity µ2 + µ′2 at q2. The Bezout theorem gives deg E¯ = pi0(A′) · E¯ = µ2 + µ′2 + 1.
Part (e) implies now that µ1 = µ′2 + 1, so µ′2 and µ1 are coprime. Note that the inequality
#Qj > 2 implies that µj, µ′j > 1 for j = 1, 2. Assume s1 = s2 = 1. Then Qj ·E0 = Cj ·E0 = τj,
for j = 1, 2. It follows that all terms in the multiplicity sequence of qj ∈ E¯, except the 1’s
at the end, are divisible by τj. Thus τ1 and τ2 are coprime. By Remark 2.18 and (2.11)
τ1 + τ2 6 λ1 + λ2 6 6, so {τ1, τ2} = {2, 3}.
(h) Part (g) implies that for every i = 1, . . . , n, the almost log exceptional curve Ai meets
the image of Q1 + Q2 + E0 twice, so it does not meet the image of Q3 + · · · + Qc, hence by
Lemma 2.17(d) the latter is not touched by ψi.
For the proof of (3.3), note first that ε 6 1. Indeed, if ε 6= 0 then, numbering the cusps
as above, we have Tj 6⊆ Excψ for j > 3 by (h) and ∆T2 = 0 by (b), so (3.2) holds at most
for j = 1. Let Υ̂ be the sum of those components of D0 − ∆0 − Υ00 whose image lies in Υn.
We argue that, in fact, ψ∗Υ̂ ⊆ Υn − Υ0n. Indeed, suppose U is a component of Υ̂ such that
ψ(U) ⊆ Υ0n. Then there is a unique component V of D0 such that ψ(U) meets ψ(V ) and by
Lemma 3.2(a) one of the points of ψ(U) ∩ ψ(V ) is a center of ψ, and the other is not. By
Lemma 2.17(d), the preimage of the former is a chain T tU +A+ TV , where AU is an almost log
exceptional curve and TU , TV are twigs of D0 meeting U and V , respectively. In particular,
TU + U is a twig of D0. We have TV 6= 0, for otherwise TU ⊆ ∆0 and ψ touches U once, so
U2 = ψ(U)2 − 1 = −2, that is, U ⊆ ∆0, contrary to the definition of Υ̂. By Lemma 2.7(b)
V = Bj and {U + TU , TV } = {Tj, T ′j} for some j ∈ {1, . . . , c}. This is a contradiction with
Lemma 3.3.
We claim that
(3.4) b0(∆0)− b0(∆−n ) = n+ #Υ̂.
By definition, ψ touches exactly n connected components of ∆0. Let W be a connected com-
ponent of ∆0 not touched by ψ and such that ψ∗W is not a connected component of ∆−n . Then
ψ∗W is a connected component of ∆+n , so W meets a unique component U of D0−∆0−Υ00 such
that ψ(U) ⊆ Υn, that is, U ⊆ Υ̂. Conversely, if U ⊆ Υ̂ then ψ(U) ⊆ Υn − Υ0n, so by Lemma
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2.17(g) U meets a connected component W of ∆0 such that ψ∗W is a connected component of
∆+n and, because U ·∆0 6 1, such W is unique. Hence the number of connected components
W as above equals #Υ̂, which proves (3.4).
Let P be the sum of components of D0 contained in ∆0 or contracted by ψ. Then
D0 − P = (ψ−1)∗Dn ∧ (D0 −∆0) = (ψ−1)∗(Rn + Υn + ∆n) ∧ (D0 −∆0).
The divisor R̂ = (ψ−1)∗Rn is contained in R0 by Lemma 3.2(b), so it has no common component
with ∆0. On the other hand, by Lemma 2.17(g), (ψ−1)∗∆n ⊆ ∆0. We get
D0 − P = R̂ + (ψ−1)∗(Υn) ∧ (D0 −∆0) = R̂ + Υ̂ + Υ00.
By Lemma 2.17(d) P is a sum of some twigs of D0. In particular, it is disjoint from E0 + Υ00
(see Remark 2.16(b)), hence every connected component of P meets R̂− E0 + Υ̂.
We claim that
(3.5) b0(∆0) 6 #(R̂− E0 + Υ̂) + ε.
To see this, let W be a connected component of ∆0. It is contained in a unique connected
component PW of P (which is a twig of D0), and the latter meets a unique component VW of
R̂ − E0 + Υ̂. Assume VW = VW ′ for some W 6= W ′. Then by Lemma 2.7(b), VW = Bj and
{PW , PW ′} = {Tj, T ′j} for some j ∈ {1, . . . , c}. We get that tip−(Tj) ⊆ P −∆0 ⊆ Excψ, hence
by Lemma 2.17(d) ψ contracts Tj and so (3.2) holds for j. This ends the proof of (3.5).
We have #(R̂− E0) = n by Lemma 3.2(c), so combining (3.4) with (3.5) gives
b0(∆0)− ε 6 #(R̂− E0 + Υ̂) = n+ #Υ̂ = b0(∆0)− b0(∆−n ),
which proves b0(∆−n ) 6 ε and ends the proof of (3.3). 
Remark 3.6 (Relations with closed C∗-embeddings into C2, cf. Theorem 1.4).
(a) If A is as in Lemma 3.5(d) then E¯ \ pi0(A) ⊆ P2 \ pi0(A) is the image of a closed injective
morphism C∗ −→ C2. Such images are classified in [CNKR09, KPR16] in case when they
are smooth and in [BZ10] under some regularity conditions.
(b) If A′ is as in Lemma 3.5(g) then pi0(A′) is a line which is a good asymptote in the sense of
[CNKR09] for the above C∗-embedding.
3B. Types with a singular minimal model.
In this section, we prove the following result on types with a singular minimal model.
Proposition 3.7. If Xmin is singular then E¯ is of type FE or I.
Throughout this section we assume that Xmin is singular. Recall from (2.8) that each singular
point of Xmin is the image of a connected component of ∆−n , which is a maximal (−2)-twig of
Dn. By (3.3) ∆−n is connected, so Xmin has only one singular point. We denote its preimage on
X0 by
∆̂− := (ψ−1)∗∆−n .
Moreover, (3.3) implies that the condition (3.2) of Lemma 3.5 is satisfied, so we can, and will,
number the cusps of E¯ so that Lemma 3.5(a)-(h) holds. In particular, we have an almost log
exceptional curve A on (X0, 12D0) meeting tip
+(T1) and tip+(T2). If n > 1 then there exists an
almost log exceptional curve contracted by ψ other than A. In this case we pick one and we
denote its proper transform on X0 by A′. Such A′ is almost log exceptional on (X0, 12D0) by
Lemma 2.20(a). We denote by W the unique maximal (−2)-twig of D0 meeting A′.
Recall (see (3.1)) that (Z, 12DZ) denotes the image of (Xn,
1
2Dn) after the contraction of
Υn + ∆+n . In particular, Z is smooth. For m > 0 we denote by Fm the Hirzebruch surface
P(OP1 ⊕OP1(m)) and by F a general fiber of the unique P1-fibration pF2 : F2 −→ P1.
Lemma 3.8 (The geometry of D0 + A + A′ in case of a singular minimal model). Let A, ∆̂−
and (Z,DZ) be as above. Then:
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(a) the cusps qj ∈ E¯ for j > 3 are semi-ordinary and q1, q2 ∈ E¯ are not,
(b) Rn = En + ψ(C1) + ψ(C2),
(c) sj = 1 for j = 1, . . . , c (see Notation 2.6(d)),
(d) ExcψA = T t1 + A+ T2,
(e) n = 2,
(f) A′ +W is disjoint from T1 + A+ T2,
(g) Q1 = T1 + C1 + ∆̂− = [(2)t1 , 3, 1, 2],
(h) either Q2 = T2 +C2 +W = [t1 +2, 1, (2)t1 ] or Q2 is a fork with maximal twigs T2 = [t1 +2],
W + C2 and ∆̂+ = [(2)t1 ], where ψ∗∆̂+ ⊆ ∆+n ,
(i) Z ∼= F2, ψ+(∆̂−) is the negative section and DZ · F = 4,
(j) DZ = ψ+(E0) + ψ+(C1) + ψ+(C2) + ψ+(∆̂−) and DZ − ψ+(C1) is horizontal.
Proof. (a) The cusps q1, q2 are not semi-ordinary by Lemma 3.5(f). Suppose that c > 3 and
q3 ∈ E¯ is not ordinary. By Remark 2.18 ∑3j=1 λj > ∑3j=1 τj > 6, so by (2.11) the equalities
hold. Therefore, λ3 = 2, hence τ3 = 2 and ψ∗Q3 ⊆ ψ(C3) + Υn + ∆n. Lemma 3.5(g) implies
that ψ does not touch Q3, so by Lemma 3.2(a) ψ∗Q3 ⊆ ψ(C3) + ∆n, and thus Q3 ⊆ C1 + ∆0
by Lemma 2.17(g). Lemma 2.7(c) shows that q3 is semi-ordinary.
Before we prove the remaining parts of Lemma 3.8, we make the following observation.
Claim 1. If ∆̂ is irreducible then (i) holds and DZ contains at most one fiber of pF2 .
Proof. The surface Z is smooth, rational and ρ(Z) = ρ(Xmin)+#∆̂− = 2, so Z is a Hirzebruch
surface. It is F2, because it contains the (−2)-curve ψ+(∆̂−) = α+n (∆−n ). If DZ · F 6 3 then
Z \DZ , which is an open subset of P2 \ E¯, admits a C1-, C∗- or a C∗∗-fibration. Thus by (2.9)
DZ · F > 4. Since −(2KXmin +Dmin) is ample, we have
0 > α−n (F ) · (2KXmin +Dmin) = F · (2KZ +DZ − 12α+n (∆−n )) = −4 + F ·DZ − 12 ,
so F · DZ 6 4 and (i) follows. Since ∆−n is a twig of Dn, it meets a unique component of
Dn − ∆−n , so α+n (∆−n ) meets a unique component of DZ − α+n (∆−n ). Because α+n (∆−n ) is a
section, DZ contains at most one fiber of pF2 . 
(b) By Lemma 3.5(f), q1, q2 ∈ E¯ are not semi-ordinary, so
En + ψ(C1) + ψ(C2) ⊆ Rn ⊆ ψ∗(Q1 +Q2).
Suppose the first inclusion is strict. Let G be a component of (ψ−1)∗Rn − C1 − C2. Then
G ⊆ Q1 + Q2. We claim that τ1 − s1 + τ2 − s2 > 3. Indeed, if sj = 0 for some j ∈ {1, 2} then
this follows from the inequalities τ1, τ2 > 2. Assume s1 = s2 = 1. Then G · E0 = 0, so Lemma
3.2(e) implies that the proper transform on X0 of some Ai meets E0, and thus τ1 + τ2 = 5 by
Lemma 3.5(g).
The divisor ψ∗(Q1 +Q2) ∧Rn contains images of C1, C2 and G, so
c∑
j=1
λj > 3 + τ1 − s1 + τ2 − s2 + #∆n − b0(∆n) > 6.
Hence (2.11) implies that the equalities hold. In particular, c = 2, #∆n = b0(∆n) and if sj = 0
for some j ∈ {1, 2} then s3−j = 1 and τ1 = τ2 = 2.
From the equality #∆n = b0(∆n) we get ∆̂− = [2], so by Claim 1 Z ∼= F2 with negative
section ψ+(∆̂−). The divisor DZ contains images of E0, C1, C2, G and ∆̂−. Again from
Claim 1 we infer that #DZ = 5 and DZ consists of a fiber and four 1-sections. We have
ψ+(Cj) · ψ+(E0) > Cj · E0 > 2 for j = 1, 2, which implies that ψ+(Cj) and ψ+(E0) are
horizontal. Thus ψ+(G) is a fiber, so it meets ψ+(∆̂−). Because ψ+ does not touch ∆̂−, the
latter is a unique (−2)-twig of D0 meeting G (see Lemma 2.7(b)). It follows from Lemma
3.2(f) that G · E0 > 0, so G = C˜j for some j 6 2. The components of DZ − ψ+(∆̂−)− ψ+(G)
are 1-sections disjoint from the negative section ψ+(∆̂−), so they are linearly equivalent to
2ψ+(G) + ψ+(∆̂−). We obtain that ψ+(E0)2 = 2 and ψ+(E0) · ψ+(Ck) = 2 for k = 1, 2. The
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latter implies that ψ+(E0) ·ψ+(V ) = E0 ·V for every component V of D0−E0 not contracted by
ψ+. Hence by Lemma 2.17(e) ψ+ does not touch E0. Therefore, E2 = ψ+(E0)2−(τ1 +τ2) = −2.
Because s3−j = 1 and τ1 = τ2 = 2, this is a contradiction with Lemma 2.11(c).
(c) This follows from (b), because Rn does not contain ψ(C˜j) for j = 1, . . . , c.
(d) This follows from (c) and Lemma 3.5(c).
(e) This follows from (b) and Lemma 3.2(c).
(f) We have W +A′ ⊆ ExcψA′ and, by (d), T1 +A+T2 = ExcψA. These divisors are disjoint
by Lemma 2.20(b).
Before we prove (g), we need some preparation. If Cj is not a tip of Qj for some j ∈ {1, 2}
then, because Qj contracts to a smooth point, (c) implies that Cj meets a twig of D0 other
than Tj. Denote this twig by Vj and put Vj = 0 if Cj is a tip of D0. Fix j ∈ {1, 2}. We need
the following claims.
Claim 2. If Qj is not a chain then Q3−j is a chain, ψ(Bj) ⊆ Υ2 and Qj is a fork with maximal
twigs Tj, Vj + Cj and some ∆̂+ for which ψ∗∆̂+ ⊆ ∆+2 (see Figure 11).
Proof. Lemma 2.7(b) gives Bj 6= Cj, hence ψ(Bj) 6⊆ R2 by (b). We have ψ(Bj) 6⊆ ∆2 by
Lemma 2.17(g), so ψ(Bj) ⊆ Υ2. Since B1, B2 meet T1, T2, respectively, from Lemma 3.5(c) we
infer that ψ(B1) meets ψ(B2). Then by Lemma 2.17(b) ψ(B3−j) 6⊆ Υ2, so by (b) B3−j = C3−j,
that is, Q3−j is a chain. Moreover, ψ(Bj) 6⊆ Υ02, because ψ(Bj) meets ψ(B3−j) ⊆ ψ∗Q3−j and
ψ∗(Qj −Bj). Thus Bj meets (ψ−1)∗∆+2 , which proves the claim. 
Qj - chain Qj - fork
Figure 11. Two possible shapes of Qj according to Claims 2 and 3 in the proof
of Lemma 3.8.
Claim 3. The divisor Q1 + Q2 contains four or five maximal twigs of D0, namely T1, T2, ∆̂−,
W and (possibly) ∆̂+.
Proof. By Claim 2, Q1 + Q2 contains at most five maximal twigs of D0. Among them, there
are T1, T2, which are not (−2)-twigs by Lemma 3.5(b), and (−2)-twigs: ∆̂−, the (−2)-twig
W 6= ∆̂− meeting A′ and, in case there are exactly five twigs, also ∆̂+ 6= W, ∆̂−. 
Claim 4. T1 = [(2)t1 , 3] and T2 = [t1 + 2].
Proof. By Claim 3, T ′j ⊆ ∆0 for j = 1, 2 (see Notation 2.6(i)), so because Tj+[1]+T ′j contracts
to a smooth point, we get Tj = [(2)tj ,#T ′j + 2]. We have t1 > 0 and t2 = 0 by Lemma 3.5(b),
so (d) gives ExcψA = [#T ′1 + 2, (2)t1 , 1,#T ′2 + 2]. Because ExcψA contracts to a smooth point,
we get #T ′1 = 1 and #T ′2 = t1. 
We return to the proof of Lemma 3.8.
(g) Suppose that Q1 is not a chain. By Claim 2, Q1 is a fork and ψ(B1) ⊆ Υ2. Part (d) and
Claim 4 imply that ψA touches B1 once. By Lemma 3.2(a) the point ψ(A) is the unique center
of ψ on ψ(B1), so B21 = ψ(B1)2 − 1 = −2. Since by Claim 2, C1 meets B1, the contractibility
of Q1 to a smooth point implies that C1 is a tip of Q1, contrary to Claim 3.
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Thus Q1 is a chain. Because tip+(T1) contracts last among the components of Q1, Claim 4
shows that Q1 = [(2)t1 , 3, 1, 2]. Suppose that V1 6= ∆̂−. Then by Claim 3 V1 = W , so Q1 meets
A′. By Lemma 3.5(g) A′ meets Q2. We have A′ ·T2 = 0 by (f) and A′ ·V2 = 0, because V2 = ∆̂−
by Claim 3. Claim 2 implies that Q2 − C2 − T2 − V2 is either zero or equal to B2 + ∆̂+, which
is a proper transform of a connected component of Υ2 + ∆+2 containing the point ψ(A). We
infer from Lemma 3.2(a) that A′ · (Q2−C2− T2− V2) = 0, so A′ meets C2. By (d) and (f), the
curve A meets D0 + A′ only in the components of Q1 and Q2 which are contracted last by pi0.
Hence pi0(A) is a line meeting pi0(A′) only at q1, q2 with the least possible multiplicity, which
equals respectively 1 and, say, µ for some µ > 2. Thus deg pi0(A′) = pi0(A) · pi0(A′) = µ + 1,
so the intersection number at q2 of pi0(A′) and its tangent line equals at most µ + 1. But this
number is the sum of at least two initial terms of the multiplicity sequence of q2 ∈ pi0(A′), so
this sequence equals (µ, 1, . . . ). It follows that Q2 = [µ + 1, 1, (2)µ−1]. Claim 4 implies that
t1 = µ− 1, so the contraction of Q1 touches A′ exactly µ+ 1 times. Therefore,
(µ+ 1)2 = pi0(A′)2 = (A′)2 + (µ+ 1) + (µ+ µ2) = (µ+ 1)2 − 1;
a contradiction.
(h) Part (g) implies that ∆̂− 6⊆ Q2, so by Claim 3, V2 = W . Claim 4 gives T2 = [t1 + 2], so
T ′2 = [(2)t1 ] by the contractibility of Q2 to a smooth point. This proves (h) if Q2 is a chain. If
Q2 is a fork then (h) follows from Claim 2.
(i) This follows from Claim 1, because by (g) ∆̂− = [2].
(j) The first statement follows from (b). To prove the second one, recall that ψ+ does not
touch ∆̂−, so ψ+(∆̂−) · ψ+∗ (D0 − C1) = ∆̂− · (D0 − C1) = 0 by (g). The curve ψ+(∆̂−) is a
section by Claim 1, so ψ+∗ (D0 − C1) contains no fiber. 
(X,D)
◦ = image of A
 = image of A′
ψ ◦ ψ0−−−−−−−−→
(X2, D2)yα+2
(Z,DZ)
Figure 12. Type FE(γ), γ > 5 (in Def. 1.3, q1, q2 ∈ E¯ are in the opposite order).
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Proposition 3.9. If DZ contains a fiber then E¯ is of type FE .
Proof. By Lemma 3.8(j) the unique fiber in DZ equals ψ+(C1). Because C21 = −1 = ψ+(C1)2−
1 and ψA touches C1 once, we have A′ ·C1 = 0. In fact, A′ ·Q1 = 0, because Q1−C1 = T1 + ∆̂−
by Lemma 3.8(g) and T1 · A′ = 0 by Lemma 3.8(f). By Lemma 3.5(g) A′ meets tip+(T ′2) and
E0, so W = T ′2. Lemma 3.8(h) implies that Q2 = [t1 + 2, 1, (2)t1 ]. It follows from Lemma 3.8(b)
that
4 = ψ+(C1) ·DZ = ψ+(C1) · (ψ+(∆̂−) + ψ+(C2) + ψ+(E0)) = 2 + τ1,
so τ1 = 2. Lemma 3.5(g) gives τ2 = 3. We have ψ+(E0)·ψ+(C1) = τ1 = 2 and ψ+(E0)·ψ+(∆̂−) =
0, which by numerical properties of F2 gives ψ+(E0) ∼ −KF2 , hence pa(ψ+(E0)) = 1. It follows
(see the proof of Lemma 2.10) that Singψ+(E0) is an ordinary cusp, thus c = 3 and q3 is
ordinary. Since τ1 = 2, τ2 = 3 and s1 = s2 = 0, we see that E¯ is of type FE(γ), where
γ = t1 + 4 > 5 by Lemma 3.5. We have E2 = −γ by Lemma 2.10, see Figure 12. Note that
the order of cusps q1, q2 ∈ E¯ in Figure 12 is different than the one in Definition 1.3. 
(X,D)
◦ = image of A
 = image of A′
ψ ◦ ψ0−−−−−−−−→
(X2, D2)yα+2
(Z,DZ)
Figure 13. Type I.
Proposition 3.10. If DZ is horizontal then E¯ is of type I.
Proof. Lemma 3.8(i),(j) shows that DZ consists of four 1-sections. In particular, ψ+(E0) is
smooth, so c = 2 by Lemma 3.8(a) and Remark 2.16(b). Since ψ+ does not touch ∆̂−, by
Lemma 3.8(g) we have ψ+(C1) · ψ+(∆̂−) = 1 and ψ+(C2) · ψ+(∆̂−) = ψ+(E0) · ψ+(∆̂−) = 0.
Using elementary numerical properties of Hirzebruch surfaces, we compute that
ψ+(C1)2 = 4, ψ+(C1) · ψ+(C2) = ψ+(C1) · ψ+(E0) = 3 and ψ+(C2) · ψ+(E0) = 2.
If ψ+ touches E0 then we infer that τ1 < 3 or τ2 < 2 and that, by Lemma 3.2(e), A′ meets
E0. The latter is impossible by Lemma 3.5(g). Hence τ1 = 2, τ2 = 3 and by Lemma 3.8(j)
both centers of ψ+ are contained in ψ+(C1) + ψ+(C2). We have ψ+(C1) · ψ+(C2) = 3 and
C1 ·C2 = 0, so from Lemma 2.17(e) we infer that ψ+(C1) and ψ+(C2) meet in two points, with
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multiplicity 1 and 2. The latter point is the image of Υ2 + ∆+2 = [1, 2]. Suppose that Q2 is a
chain. By Lemma 3.8(g),(h) (ψ−1)∗(Υ2 +∆+2 ) = W = [(2)t1 ], so t1 = 2. Then Q1 = [2, 2, 3, 1, 2],
Q2 = [4, 1, 2, 2] and A′ meets D0 only in C1 and in the third component of Q2. We compute
that pi0(A′)2 = −1 + (2 + 3 ·22) + (2 + 22) = 19; a contradiction. Thus Q2 is a fork as in Lemma
3.8(h). We have ∆̂+ = (ψ−1)∗∆+2 = [2], so t1 = 1. Now ψ(B2) ⊆ Υ2 and ψA touches B2 twice
by Lemma 3.8(d), so ψA′ does not touch B2 by Lemma 3.2(a) and thus B22 = ψ(B2)2− 2 = −3.
Because B2 + C2 + W contracts to a smooth point, we get W = [2]. This determines the
weighted graph of Q1 + Q2. Since τ1 = 3, τ2 = 2 and s1 = s2 = 0, we see that E¯ is of type I.
Note that E2 = −3 by Lemma 2.10, see Figure 13. 
3C. Types with a smooth minimal model.
In this section we prove the following result on types with a smooth minimal model.
Proposition 3.11. If Xmin is smooth then E¯ is of type Q3, Q4, FZ2, H or J .
Throughout this section, we assume that Xmin is smooth. The peeling morphism (2.8) be-
tween the almost minimal model (Xn, 12Dn) and the minimal model (Xmin,
1
2Dmin) is now just
the contraction of Υn + ∆+n . Equivalently, ∆−n = 0.
We collect some properties of Dmin which are consequences of (2.9).
Lemma 3.12 (The geometry of Dmin in case of a smooth minimal model). Let ψ+ and Dmin
be as above (see (3.1)). Then:
(a) Xmin ∼= P2 and degDmin = 5.
(b) sj = 1 for j = 1, . . . , c.
(c) The only singularities of ψ+(E0) are images of semi-ordinary cusps of E¯ through ψ+ ◦pi−10 ,
which is an isomorphism on some neighborhood of those cusps.
(d) Components of Dmin − ψ+(E0) are smooth.
(e) Components of Dmin meet in 2n points, in each point exactly two of them.
(f) n = #Dmin − 1 ∈ {0, 2, 3}
(g) If n 6= 0 then degψ+(E0) 6 3.
(h) If Dmin contains two conics then they meet in two points, with multiplicities 3 and 1. The
remaining part of Dmin is a line tangent to those conics off their common points.
Proof. (a),(b) Proposition 2.15(b) and (2.9) imply that (Xmin, 12Dmin) is log del Pezzo surface
of rank one. Since Xmin is smooth, Xmin ∼= P2. Since −(2KXmin + Dmin) is ample, 0 >
deg(2KXmin + Dmin) = −6 + degDmin, that is, degDmin 6 5. Suppose the inequality is strict
or that sj = 0 for some j ∈ {1, . . . , c}. Let µp be the multiplicity of a point p ∈ Dmin. If
degDmin ∈ {3, 4} then, because the components of Dmin are rational, we can choose p with
µp > 2. If sj = 0 then we have µp > 3 for {p} = ψ+(Cj ∩ E0 ∩ C˜j). In any case, we have
degDmin − µp 6 2, so the pencil of lines through p induces a C1-, C∗- or a C∗∗-fibration of
Xmin \Dmin. The latter is isomorphic to an open subset of P2 \ E¯. This is a contradiction with
(2.9).
(c),(d) Let G be a component of D0 such that ψ+(G) is singular. Because ψ(G) is smooth,
Singψ+(G) consists of images of those components of Υn which meet Rn only in ψ(G). Let U
be a proper transform on X of such a component. If U ⊆ Υ0 then by Remark 2.16(b) G = E0
and ψ+(U) is an image of a semi-ordinary cusp of E¯. Assume U 6⊆ Υ0. We infer from Lemma
3.2(a) that one of the points of ψ(G) ∩ ψ(U) is the image of the point G ∩ U , and the other
one is the center of ψ contained in ψ(U). By Lemma 2.17(d), the preimage of the latter point
is a chain T tU + A + TG, where A is the proper transform of some Ai and TU , TG are twigs of
D0 meeting U and G, respectively. Since ψ(U) ⊆ Υn, we have either βD0(U) = 2, or U meets
a connected component of (ψ−1)∗∆+n , say ∆U . By Lemma 2.17(g), ∆U ⊆ ∆0. If G = E0 then,
since E0 meets no twigs of D0, we have TE0 = 0, so 0 6= TU ⊆ ∆0, and βD0(U) > 3. But then U
meets two (−2)-twigs of D0, which is impossible. Hence G 6= E0. In particular, we proved (c).
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Suppose that D0−E0−G contains a component V not contracted by ψ+. Because ψ+(G) is
singular, degψ+(G) > 3. We infer from (a) that #Dmin = 3, degψ+(G) = 3 and that ψ+(E0)
and ψ+(V ) are lines. Hence V · E0 6 ψ+(V ) · ψ+(E0) = 1, so V 6= Cj for j = 1, . . . , c. Part
(b) implies that ψ+(V ) ∩ ψ+(E0) is a center of ψ+, other than Singψ+(G). Moreover, since
ψ+(V ) · ψ+(G) = 3 > V · G, the set ψ+(V ) ∩ ψ+(G) contains another center of ψ+. Hence
n > 3. But n = #Dmin − 1 = 2 by Lemma 3.2(c); a contradiction.
Thus G = C1 and Dmin = ψ+(E0) + ψ+(C1). Lemma 3.2(c) gives n = 1, hence
D1 = E1 + C1 + ψ(U) + ψ∗∆U + ψ∗(Υ0 + ∆+0 ).
Put b = #∆U . We have b > 1, because otherwise Q1 = TC1 + C1 + U + T tU is a chain and
A meets it in tips, contrary to Lemma 3.3. Because Q1 contracts to a smooth point, we have
TC1 = [(2)−U2−2] ⊆ ∆0 and either TU = 0 or TU = [(2)t1 , b+ 2]. Hence
Excψ = T tU + A+ TC1 = [1, (2)−U2−2] or [b+ 2, (2)t1 , 1, (2)−U2−2].
In both cases, ψ touches C1 at most twice, so ψ(C1)2 6 C21 + 2 = 1.
The contraction of each component of ψ∗(U+∆U) increases the arithmetic genus (respectively,
the self-intersection number) of the image of ψ(C1) by 1 (respectively, by 4). Hence
b+ 1 = pa(ψ+(C1)) = 12 deg(ψ
+(C1))(degψ+(C1)− 3 degψ+(C1)) + 1
and 4(b+ 1) = (degψ+(C1))2− (ψ(C1))2. Because b > 1, the first equation gives degψ+(C1) >
4, so by (a) degψ+(C1) = 4 and b = 2. Now the second equation gives (ψ(C1))2 = 4; a
contradiction.
(e) For a reduced divisor V denote by ν(V ) the number of points where exactly two compo-
nents of V meet. Let R be the proper transform of Dmin on X0. We have R = (ψ−1)∗Rn (see
(2.8)), so by Lemma 3.2(b) R is a connected subdivisor of R0. Hence the graph of R has no
loops, and it follows from (b) that no three components of R meet at the same point. As a
consequence, ν(R) = #R− 1. From Lemma 3.2(c) we obtain ν(R) = n.
Parts (c), (d) imply that the components of Dmin have no singularities but cusps. Hence by
Lemma 3.2(g) the centers of ψ+ are the cusps of ψ+(E0) and some n points, at each of which
exactly two components of Dmin meet. Therefore, ν(Dmin) = ν(R) + n = 2n.
(f) We have n = #Dmin−1 by Lemma 3.2(c). If n > 4 then by (a) n = 4 and Dmin is a union of
4 lines, meeting in 8 points by (e), which is impossible. Hence n 6 3. Suppose that n = 1. Then
Dmin = ψ+(E0)+ψ+(C1) and ψ+(C1) is smooth by (d). The point ψ+(A1) is a singular point of
Dmin other than ψ+(C1 ∩E0) and the cusps of ψ+(E0), so it is a common point of ψ+(C1) and
ψ+(E0). Lemma 3.2(e) implies that Excψ+ = A1 +∆A1 , where ∆A1 is a (−2)-twig of D0 meting
C1. It follows that Q1 = C1 + ∆A1 , so by Lemma 2.7(c) ∆A1 = ∆T1 = [(2)t1 ] and q1 ∈ E¯ has
multiplicity sequence (τ1)t1+1. We have τ1 > 3, because q1 ∈ E¯ is not semi-ordinary. Moreover,
pi0(A1)2 > 1, so A1 meets tip−(∆T1) and t1 > 2. We obtain ψ+(E0) · ψ+(C1) = t1 + τ1 > 5.
But degψ+(E0) + degψ+(C1) = 5 by (a) and degψ+(C1) 6 2 by (d), so degψ+(E0) = 3,
degψ+(C1) = 2 and hence t1 + τ1 = 6. Now (deg pi0(A1))2 = A21 + t1 = t1− 1 6 2, so t1 = 2 and
τ1 = 4. Thus q1 ∈ E¯ has multiplicity sequence (4)3, see Lemma 2.7(c). Because ψ+(E0) has
one ordinary cusp, c = 2 and q2 ∈ E¯ is ordinary. This is a contradiction with Lemma 2.10(c).
(g) Parts (a),(f) give degψ+(E0) 6 degDmin − (#Dmin − 1) = 5− n 6 3.
(h) Let G1, G2 be two conics contained in Dmin. The pencil generated by them gives a map
g : P2 99K P1. Put l= Dmin −G1 −G2. Part (a) gives deg l= 5− 2− 2 = 1, so l is a line. By
(e), lmeets G1, G2 in different points, so #l∩Gi > 1 for i = 1, 2. We have n = 2 by (f), so by
(e) the components of Dmin meet in 4 points. Hence #G1 ∩G2 = 4−#l∩G1 −#l∩G2 6 2.
In fact, the equality holds, because otherwise g|Xmin\Dmin is a C∗∗-fibration, which is impossible
by (2.9). Hence G1 ∩ G2 = {p1, p2} for some p1 6= p2 and l is tangent to G1, G2 away from
p1, p2. Let l12 be the line joining p1 with p2. The map g|l : l −→ P1 has degree 2. We have
(G1 ·G2)pi 6= 2 for some i ∈ {1, 2}, for otherwise g|l is ramified at l∩G1, l∩G2 and l∩ l12,
contrary to the Hurwitz formula. The result follows. 
We will now consider the cases n = 0, 2, 3 separately.
PLANAR RATIONAL CUSPIDAL CURVES II. LOG DEL PEZZO MODELS 30
Proposition 3.13. If n = 0 then E¯ is of type Q3 or Q4.
Proof. By Lemma 3.2(h) we have D0 − E0 = Υ0 + ∆+0 , so (Xmin, Dmin) = (P2, E¯). Lemma
3.12(a) implies that E¯ is a quintic with only semi-ordinary cusps. Thus every qj ∈ E¯, j ∈
{1, . . . , c}, has multiplicity sequence (2)tj+1 for some tj > 0 (see Example 2.8). Lemma 2.10(c)
in this case reads as
(3.6)
c∑
j=1
(tj + 1) = 6.
We claim that tj 6 2 for every j ∈ {1, . . . , c}. Suppose that t1 > 3. Let l1 ⊆ P2 be the line
tangent to E¯ at q1 ∈ E¯. The number (l1 · E¯)q1 is the sum of at least two initial terms of the
multiplicity sequence of q1 ∈ E¯ and since (l · E¯)q1 6 deg E¯ = 5, we get (l1 · E¯)q1 = 4. The
proper transform L of l1 on X0 meets Q1 once, so it meets the unique component of pi−10 (q1)
of multiplicity 4, that is, the second component of Q1. Moreover, L21 = −1, L1 ·D0 = 2 and L
meets D0 in Q1 and E0. The sum of L1 and the first three exceptional curves over q1 supports
a fiber of a P1-fibration which restricts to a C∗∗-fibration of P2 \ E¯; a contradiction with (2.9).
Assume that tj = 0 for all j > 2. Let σ be a blowup at q1. Then the pencil of lines through
q1 ∈ E¯ induces a map (σ−1)∗E¯ −→ P1 of degree (deg E¯ − 2) = 3, ramified at every σ−1(qj),
j > 2 and, if t1 > 0, also at the point infinitely near to q1 on (σ−1)∗E¯. Hence the Hurwitz
formula implies that c 6 5 and c 6 4 if t1 > 0. Since t1 6 2 and t1 + c = 6 by (3.6), it follows
that t1 = 2 and that c = 4, so E¯ is of type Q4, see Figure 14. Note that E2 = −7 by Lemma
2.10.
Figure 14. Type Q4. Figure 15. Type Q3.
Therefore, we can assume that at least two numbers tj are nonzero, say t1 > t2 > 1. Let
l1, l2 ⊆ P2 be the lines tangent to E¯ at q1, q2 and let l12 ⊆ P2 be the line joining q1 and q2. For
j = 1, 2, the number (lj ·E¯)qj is the sum of at least two initial terms of the multiplicity sequence
of qj ∈ E¯, so, since E¯ is a quintic, (lj · E¯)qj = 4. If lj = l12 then l12 · E¯ > 4 + 2 = 6 > deg E¯,
which is false. Hence l1, l2 and l12 are distinct and {p} := l12 ∩ E¯ \ {q1, q2} is a point where
l12 and E¯ meet transversally. Denote by σ the blowup at q1, q2 and their infinitely near points
on the proper transforms of E¯. For j = 1, 2 let q′j be the point infinitely near to qj on (σ−1)∗E¯.
The pencil of conics generated by l1 + l2 and 2l12 gives a map (σ−1)∗E¯ −→ P1 of degree
2 deg E¯ − (4 + 4) = 2, which is ramified at the preimages of p, q3, . . . , qc and at q′j for every
j ∈ {1, 2} such that tj > 2. By the Hurwitz formula, there are exactly two ramification points.
If t1 > 2 then we get c = 2 and t2 = 1, so t1 = 4 by (3.6), contrary to our claim. Hence
t1 = t2 = 1 and we get c = 3. Now t3 = 1 by (3.6), so E¯ is of type Q3, see Figure 15. Note
that E2 = −5 by Lemma 2.10. 
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By Lemma 3.12(f), we are now left with the cases n = 2, 3. By definition, the morphism
ψ contracts n curves not contained in D0. Denote them by A, A′ and, if n = 3, by A′′. By
Lemma 2.20(a) they are almost log exceptional on (X0, 12D0). By Lemma 3.12(c),(g), ψ
+(E0)
is a cuspidal cubic or a conic or a line. In the following propositions we treat these cases
separately.
(X,D)
◦ = image of A
 = image of A′
ψ ◦ ψ0−−−−−−−−→
(X2, D2)yα2
(Xmin, Dmin)
Figure 16. Type FZ2(γ), γ > 4.
Proposition 3.14. If n = 2 and ψ+(E0) is a cubic then E¯ is of type FZ2.
Proof. Lemma 3.12(a),(f) implies that Dmin − ψ+(E0) is a union of two lines, say l1, l2. By
Lemma 3.12(c) ψ+(E0) is a cuspidal cubic, so it has a unique singular point, which is an
ordinary cusp. Lemma 3.12(e) gives
#(l1 + l2) ∩ ψ+(E0) = 2n−#l1 ∩ l2 = 3,
so, say, #l1 ∩ ψ+(E0) = 2 and #l2 ∩ ψ+(E0) = 1. Write l1 ∩ ψ+(E0) = {p1, p2}, where
(l1 · ψ+(E0))p1 = 1 and (l1 · ψ+(E0))p2 = 2.
We claim that lj = ψ+(Cj) for j = 1, 2 and that l1 ∩ l2 = {ψ+(A)}. Lemma 3.2(e) implies
that (ψ+)−1∗ l1 meets E0, so by Lemma 3.12(b) (ψ+)−1∗ l1 = Cj for some j ∈ {1, . . . c}, say, j = 1.
The point p1 is a center of ψ+, since otherwise C1 ·E0 = (l1 ·ψ+(E0))p1 = 1, which is false. Say
that p1 = ψ+(A′). By Lemma 3.2(e) (ψ+)−1(p1) = A′ + ∆A′ , where ∆A′ is a nonzero (−2)-twig
meeting C1. Since (l1 · ψ+(E0))ψ+(A′) = 1, A′ meets tip+(∆A′). It follows that ψA′ touches C1
once. But ψ+(C1)2 > 1 = C21 + 2, so ψ+ touches C1 at least twice. Hence ψ+(A) ∈ ψ+(C1).
As a consequence, l1 ∩ l2 = {ψ+(A)}, so, since n = 2, l2 ∩ ψ+(E0) is not a center of ψ+. Thus
(ψ+)−1∗ l2 · E0 = l2 · ψ+(E0) = 3, so (ψ+)−1∗ l2 = C2. This proves the claim.
We have ExcψA = (Q1 − C1 − ∆A′) + A + (Q2 − C2). Indeed, since the components of
Dmin meet transversally at ψ+(A), ψ+(A′), these points are not touched by α−12 , hence the only
center of α2 is the ordinary cusp of ψ+(E0). Thus
Excψ = Excψ+ −Υ0 = A+ A′ +D0 −Υ0 − (ψ+)−1∗ Dmin = A+ A′ +Q1 − C1 +Q2 − C2,
and hence
ExcψA = Excψ − ExcψA′ = (Q1 − C1 −∆A′) + A+ (Q2 − C2),
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as claimed.
Lemma 2.17(d) implies now that Q1 − C1 −∆A′ and Q2 − C2 are twigs of D0. Because Q2
meets A, the cusp q2 ∈ E¯ is not semi-ordinary, so by Lemma 2.7(c) we have Q1 − C1 6= ∆A′ .
Because Q1 and Q2 contract to smooth points, we obtain Q1 = [(2)t1 ,#∆A′ + 2, 1, (2)#∆A′ ] and
Q2 = [(2)t2 , 1]. Since ∆A′ 6= 0, the contractibility of ExcψA = [#∆A′ + 2, (2)t1 , 1, (2)t2 ] to a
smooth point gives t1 = 0 and t2 = #∆A′ > 1.
Thus Q1 = [t2 + 2, 1, (2)t2 ] and Q2 = [(2)t2 , 1]. We have τ1 = (l1 · ψ+(E0))p2 = 2 and
τ2 = l2 ·ψ+(E0) = 3. Recall that s1 = s2 = 1 by Lemma 3.12(b). Since ψ+(E0) has one ordinary
cusp, c = 3 and q3 ∈ E¯ is ordinary. Therefore, E¯ is of type FZ2(γ), where γ = t2 + 3 > 4, see
Figure 16. Note that E2 = −γ by Lemma 2.10. 
(X,D)
ψ ◦ ψ0−−−−−−−−→
(X2, D2)yα2
◦ = image of A
 = image of A′
(Xmin, Dmin)
Figure 17. Type H(γ), γ > 3.
Proposition 3.15. If n = 2 and ψ+(E0) is a conic then E¯ is of type H.
Proof. Lemma 3.12(a),(f) implies that Dmin − ψ+(E0) is a union of a line l and a conic M .
Hence Dmin is as in Lemma 3.12(h). We now proceed as in the proof of Proposition 3.14. Write
M ∩ ψ+(E0) = {p1, p2}, where (M · ψ+(E0))p1 = 1 and (M · ψ+(E0))p2 = 3.
We claim that M = ψ+(C1), l= ψ+(C2) and that M ∩ l= {ψ+(A)}. Lemma 3.2(e) implies
that (ψ+)−1∗ M meets E0, so by Lemma 3.12(b) (ψ+)−1∗ M = Cj for some j ∈ {1, . . . c}, say,
j = 1. The point p1 is a center of ψ+, since otherwise C1 · E0 = (l1 · ψ+(E0))p1 = 1, which is
false. Say that p1 = ψ+(A′). By Lemma 3.2(e) (ψ+)−1(p1) = A′ + ∆A′ , where ∆A′ is a nonzero
(−2)-twig meeting C1. Because (M · ψ+(E0))ψ+(A′) = 1, A′ meets tip+(∆A′). It follows that
ψA′ touches C1 once. But ψ+(C1)2 > 1 = C21 + 2, so ψ+ touches C1 at least twice. Hence
ψ+(A) ∈ ψ+(C1). As a consequence, M ∩ l= {ψ+(A)}, so, since n = 2, l∩ ψ+(E0) is not a
center of ψ+. Thus (ψ+)−1∗ l · E0 = l · ψ+(E0) = 2, so (ψ+)−1∗ l= C2. This proves the claim.
We have α−12 (ψ+(A)) = [1, 2] ⊆ Υ2 + ∆+2 , because (M · l)ψ+(A) = 2 and D2 −E2 is snc. The
latter inclusion is in fact an equality, because α−12 does not touch ψ+(A′) and Υ0 + ∆+0 = 0, as
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ψ+(E0) is smooth. Put U = (ψ−1)∗Υ2, ∆U = (ψ−1)∗∆+2 . By Lemma 2.17(g), ∆U is a (−2)-tip
of D0 meeting U . We have ψ(U) ∩ ψ(C1) = {ψ(A)}, because otherwise U meets C1 and
M2 = ψ(C1)2 + 2 = ψA′(C1)2 + 2 = C21 + 3 = 2,
which is false.
We have Excψ = Excψ+ − (ψ−1)∗(Υ2 + ∆+2 ) = A + A′ + D0 − (ψ+)−1∗ Dmin − U − ∆U =
A+ A′ +Q1 − C1 − U −∆U +Q2 − C2 and ExcψA′ = A′ + ∆A′ , so
ExcψA = (Q1 − C1 −∆A′) + A+ (Q2 − C2 − U −∆U).
Lemma 2.17(d) implies that V1 := Q1 − C1 − ∆A′ and V2 := Q2 − C2 − U − ∆U are twigs of
D0 meeting C1 and U , respectively. Because Q1 contracts to a smooth point and ∆A′ 6= 0,
we obtain V1 = T1 = [(2)t1 ,#∆A′ + 2]. If t1 6= 0 then (3.2) holds for j = 1, so A′ meets Q2
by Lemma 3.5(g), which is false, because p1 = ψ+(A′) 6∈ l. Thus t1 = 0. The contractibility
of Q2 to a smooth point implies that V2 + [1] + ∆U contracts to a smooth point, so either
V2 = 0 or V2 = T2 = [(2)t2 , 3]. Eventually, since #∆A′ > 0, the contractibility of ExcψA =
[#∆A′ + 2, 1, (2)t2 , 3] to a smooth point gives V2 6= 0 and t2 = #∆A′ > 1.
Thus Q1 = [t2 + 2, 1, (2)t2 ] and Q2 is a fork with maximal twigs T2 = [(2)t2 , 3], ∆U = [2] and
C1 = [1]. The contractibility of Q2 implies that B22 = −2. We have τ1 = (M · ψ+(E0))p2 = 3,
τ2 = l · ψ+(E0) = 2. Recall that s1 = s2 = 1 by Lemma 3.12(b) and c = 2, since ψ+(E0) is
smooth. Therefore, E¯ is of type H(γ), where γ = t2 +2 > 3, see Figure 17. Note that E2 = −γ
by Lemma 2.10. 
(X,D)
◦ = image of A
 = image of A′
ψ ◦ ψ0−−−−−−−−→
(X2, D2)yα2
(Xmin, Dmin)
Figure 18. Type J (k), k > 2 for n = 2 (cf. Figure 6 for J (2)).
Proposition 3.16. If n = 2 and ψ+(E0) is a line then E¯ is of type J .
Proof. Lemma 3.12(a),(d),(f) implies that Dmin − ψ+(E0) is a union of two conics M1,M2.
Hence Dmin is as in Lemma 3.12(h). In particular, M1 ∩M2 = {p1, p2}, where (M1 ·M2)p1 = 1
and (M1 ·M2)p2 = 3.
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Because D2 − E2 is snc, the point p2 is a center of α2 and α−12 (p2) = [1, 2, 2] ⊆ Υ2 + ∆+2 .
Let U be the component of (ψ+)−1(p2) such that ψ(U) ⊆ Υ2 and let ∆U be the connected
component of (ψ−1)∗∆+2 meeting U . We have ∆U = [2, 2] by Lemma 2.17(g). In particular, p2
is a center of ψ+.
We claim that p1 is the second center of ψ+. Suppose it is not. Since n = 2, for some j ∈ {1, 2}
the point C¯j ∩ ψ+(E0) is a center of ψ+, say ψ+(E0) ∩M2 = {ψ+(A)}. Then (ψ+)−1∗ M1 ·E0 =
M1 · ψ+(E0) = 2, so, say, M1 = ψ+(C1). By Lemma 3.2(e) the preimage on X0 of ψ+(A) is a
chain A+ ∆A for some ∆A ⊆ ∆0 meeting (ψ+)−1∗ M2. Because (M2 ·ψ+(E0))ψ+(A) > 1, A meets
tip−(∆A) and #∆A = M2 · ψ+(E0) = 2. The curve ψ(U) ⊆ Υ2 meets D2 − ψ∗∆U exactly in
two points, belonging to (α−12 )∗M1 = ψ(C1) and (α−12 )∗M2, respectively. One of these points
is ψ(A′), and the other is not a center of ψ (see Lemma 3.2(a)). If ψ(A′) 6∈ ψ(C1) then M21 =
C21 +3 = 2, which is impossible. Hence ψ(A′) 6∈ (α−12 )∗M2, so ((ψ+)−1∗ M2)2 = M22 −3−2 = −1,
which implies that (ψ+)−1∗ M2 = Cj for some j ∈ {2, . . . , c}. But (ψ+)−1∗ M2 does not meet E0;
a contradiction.
It follows that for j = 1, 2 we have (ψ+)−1∗ Mj · E0 = Mj · ψ+(E0) = 2, so τ1 = τ2 = 2
and, say, Mj = ψ+(Cj) for j = 1, 2. By symmetry, we may assume that the common point
of ψ(U) and ψ(C2) is a center of ψ. Then U mets C1, so U + ∆U ⊆ Q1. We have Excψ =
(Q1 −C1 −U −∆U) + (Q2 −C2). Lemma 2.17(d) implies that Q2 is a chain and Q1 is either a
chain or a fork with branching component U . Put k = −U2 − 1 > 1.
Let A ⊆ Excψ be the almost log exceptional curve meeting T2. Lemma 2.17(d) implies that
W := ExcψA − A − T2 is a twig of D0. Because ψ+(A) ∈ M1, we have W ⊆ Q1. We claim
that W 6= 0 and W 6= T1. If W = 0 then T2 ⊆ ∆0, so T 02 = C1 and by Lemma 2.7(c) q2 ∈ E¯ is
semi-ordinary, which is false. Thus W 6= 0. Suppose that W = T1. Then A meets D0 only in
tip+(Tj) for j = 1, 2. It follows that pi0(A) ∩ E¯ = {q1, q2}, the numbers (pi0(A) · E¯)qj are equal
to the multiplicities µj of qj ∈ E¯ and pi0(A)2 = A2 + 2 = 1. Hence deg E¯ = µ1 + µ2. Because
sj = 1, the multiplicity sequence of qj consists of some number of terms divisible by τj = 2 and
the sequence (1, 1) at the end. In particular, 2|µj, so 2| deg E¯ and Lemma 2.10(b) implies that
2|E2. But E2 = E20 − (τ1 + τ2) = ψ+(E0)2 − 4 = −3; a contradiction. Therefore, W 6= T1.
The contractibility of Q1 to a smooth point implies that W = [(2)k−1], so k > 2, and that
W meets C1. Since ψA′ does not touch C1, we have ψA(C1)2 = M21 − 3 = 1 = C21 + 2, so ψA
touches C1 twice, which implies that ExcψA = [(2)k−1, 1, k + 1]. Hence T2 = [k + 1]. Because
Q2 contracts to a smooth point, we get Q2 = [k + 1, 1, (2)k−1]. The morphism ψA′ touches C2
once, because ψA′(C2)2 = ψ(C2)2 − 1 = M22 − 4 = 0 = C22 + 1. Hence ExcψA′ = A′ + T ′2. It
follows that Q1 = ∆U + U + C1 +W = [2, 2, k + 1, 1, (2)k−1].
Recall that for j = 1, 2, we have τj = Mj · ψ+(E0) = 2 and sj = 1 by Lemma 3.12(b). Also,
c = 2, because ψ+(E0) is smooth. It follows that E¯ is of type J (k), see Figure 18. Note that
E2 = −3 by Lemma 2.10. 
Proposition 3.17. If n = 3 then E¯ is of type J .
Proof. Lemma 3.12(a),(e) implies that Dmin is a conic M inscribed in a triangle l1 +l2 +l3. We
claim that M = ψ+(E0). Suppose not. Then (ψ+)−1∗ M is contained in Q1 + · · ·+Qc, so it meets
every other component of D0−E0 at most once. Hence the two points M∩(Dmin−ψ+(E0)−M)
are centers of ψ+. Moreover, since E0 contains no point of normal crossings on D0, the two
points ψ+(E0)∩ (Dmin−ψ+(E0)−M) are centers of ψ+, too. But then n > 4; a contradiction.
Suppose that lj = ψ+(Cj) for j = 1, 2, 3. Then at each center of ψ+ two components of Dmin
meet transversally, so from the definition of Υ3 (see Figure 4) we infer that ψ+ = ψ. Lemma
2.17(d) implies that ψ∗(Dn − En) is circular, and hence (pi0)∗ψ∗(Dn − En)red is circular, too.
The latter equals pi0(A) + pi0(A′) + pi0(A′′) and consists of three smooth components meeting
transversally in three points, so it is again a triangle. It follows that pi0 touches A, A′, A′′ twice
each, so they meet each Qj only in its first component. Since ψ∗(D0 − E0) is circular, this is
possible only if Qj = Cj for j = 1, 2, 3. But then, since τj = 2, every qj ∈ E¯ is ordinary; a
contradiction.
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(X,D)
◦ = image of A
 = image of A′
 = image of A′′
ψ ◦ ψ0−−−−−−−−→
(X3, D3)yα3
(Xmin, Dmin)
Figure 19. Type J (k), k > 2 for n = 3 (cf. Figure 6 for J (2)).
It follows that some lk, say l3, is not the image of any Cj for j = 1, . . . , c. We now determine
the centers of ψ+. By Lemma 3.12(b), L := (ψ+)−1∗ l3 does not meet E0. In particular, l3 ∩M
is a center of ψ+, say l3∩M = {ψ+(A′′)}. Lemma 3.2(e) implies that (ψ+)−1(l3∩M) is a chain
A′′ + ∆A′′ , where ∆A′′ ⊆ ∆0 meets L. Because (ψ+(L) ·M)ψ+(A′′) = 2, A′′ meets tip−(∆A′′)
and #∆A′′ = 2. Since the contraction of A′′ + ∆A′′ touches L twice and L2 + 2 6 0 < l23 , the
line l3 contains another center of ψ+, say l2 ∩ l3 = {ψ+(A′)}. Because ψ+ touches l1, we have
ψ+(A) ∈ l1. If ψ+(A) ∈ M then arguing as above for ψ+(A′′) ∈ l3 we obtain that l1 contains
another center of ψ+, which is false. It follows that for j = 1, 2 the curve (ψ+)−1∗ lj meets E0,
so by Lemma 3.12(b) we have, say, lj = ψ+(Cj) for j = 1, 2. Because C1 and C2 are disjoint,
the common point of their images is a center of ψ+, so l1 ∩ l2 = {ψ+(A)}. Moreover, we get
τj = Cj · E0 = lj ·M = 2 for j = 1, 2 and L · C1 = l3 · l1 = 1.
To describe the shape of Q1 note first that the point ψ+(A′′) is the only center of α3. Indeed,
since ψ+(E0) is smooth, the centers of α3 are contained in the image of Excψ, and the points
ψ+(A), ψ+(A′) are not centers of α3, because the components of Dmin passing through them
meet transversally. It follows that
D0 ∧ Excψ = (Q1 − C1 − L−∆A′′) + (Q2 − C2).
Lemma 2.17(d) implies that Q2 is a chain and Q1 is either a chain or a fork with branching
component L. Suppose that T1 ⊆ Excψ. Then, because Q1 contracts to a smooth point,
∆A′′ ⊆ T ′1 and T1 = [(2)t1 ,#∆A′′ + 2] = [(2)t1 , 4]. Hence
pi0(A′′)2 = (A′′)2 + 2 + 4(t1 + 1) = 4t1 + 5.
In particular, t1 6= 0, so (3.2) holds for j = 1 and Lemma 3.5(g) implies that A′′ meets
Q2; a contradiction. It follows that ∆A′′ ⊆ T1. This inclusion is strict, because otherwise
Q1 = C1 + ∆A′′ , which is false. Hence T1 = ∆A′′ +L, so Q1 is a chain, and because it contracts
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to a smooth point, Q1 = [2, 2, k+ 1, 1, (2)k−1], where k = −L2−1 > 1. We have k > 2, because
otherwise Lemma 2.7(c) implies that q1 ∈ E¯ is semi-ordinary, which is false.
We now describe the shape of Q2. Because ψ+(A′) ∈ l3, the curve L meets ExcψA′ . The
divisor Excψ+ has a negative definite intersection matrix, so A′ · (∆A′′ + A′′) = 0. Since ∆A′′
is the unique twig of D0 meeting L, it follows from Lemma 2.17(d) that A′ meets L and hence
ExcψA′−A′ is a (−2)-twig. If ExcψA′−A′ = T2 then by Lemma 2.7(c) q2 ∈ E¯ is semi-ordinary,
which is false. Thus ExcψA′ = A′+T ′2. Eventually, T ′2 = [(2)k−1], because ψA′ touches L exactly
ψA′(L)2 − L2 = ψ(L)2 + k + 1 = ψ+(L)2 + k − 1 = k
times. The contractibility of Q2 to a smooth point implies that T2 = [(2)t2 , k+ 1]. But we have
t2 = 0, for otherwise (3.2) holds for j = 2 and by Lemma 3.5(g) A′′ meets tip+(T ′1), which is
false. Hence Q2 = [k + 1, 1, (2)k−1].
Recall that for j = 1, 2, sj = 1 by Lemma 3.12(b) and τj = Cj · E0 = lj ·M = 2. We have
c = 2, because ψ+(E0) is smooth. Therefore, E¯ is of type J (k), see Figure 19. Note that
E2 = −3 by Lemma 2.10. 
Remark 3.18 (Uniqueness of the process of almost minimalization). As we have indicated in
Example 2.22, a rational cuspidal curve of type J is obtained both in Proposition 3.16 and
3.17, which corresponds to two possible choices of the process ψ of almost minimalization. Our
proof shows that for every other type in Definition 1.3 this process (as defined in Section 2D)
is unique.
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4. Existence and uniqueness
In this Section we finish the proof of Theorem 1.2 by proving that each type in the list of
Definition 1.3 is realized by a planar rational cuspidal curve which is unique up to a projective
equivalence and that the complement of such curve is a surface of log general type which
satisfies (2.9). We begin with a proof of condition (2.9) in Section 4A. The nonexistence of
C∗∗-fibrations follows from [PP17, Theorem 1.3], because the type of E¯ is not listed in loc. cit.
and we have κ(P2 \ E¯) = 2 by Lemma 4.1. An independent proof of this fact is given in Section
4E. Existence and uniqueness of curves of types FZ2, FE and H is either established or can
be inferred from results in the literature, see Section 4C. This is also true for types Q3 and
Q4, but we give an independent geometric argument in Section 4B. For the remaining types I
and J we prove the existence and uniqueness in Section 4D by reverting the process of almost
minimalization constructed in Section 3.
In Section 5A we prove Theorem 1.4, which implies that all curves of types listed in Definition
1.3 are closures of images of some closed injective morphisms C∗ −→ C2. The latter morphisms,
which we call singular embeddings, are classified in [BZ10] under some regularity assumptions.
In Remarks 4.11, 4.12(a),(b),(c) and 4.17(a) we explain how to obtain curves as in Definition
1.3 from [BZ10].
In Section 3 we were working mostly with the minimal weak resolution pi0 : (X0, D0) −→
(P2, E¯). Here it will be more convenient to work with the minimal log resolution pi : (X,D) −→
(P2, E¯). For j ∈ {1, . . . , c} we denote by Q′j ⊆ D the reduced preimage of qj ∈ E¯. Its
components are naturally ordered as exceptional divisors of the successive blowups in the de-
composition of pi−1, see (2.3). In particular, the last component of Q′j is the unique (−1)-curve
in Q′j, which we denote by C ′j. As in Section 2C, we put E := (pi−1)∗E¯. If E¯ is of one of the
types in Definition 1.3 then the number E2, computed using Lemma 2.10, is given in Table 1.
In particular, E2 6 −3. The weighted graph of D is shown in one of the Figures 12–18.
4A. The Kodaira-Iitaka dimension.
Lemma 4.1 (Complements are of log general type). If E¯ ⊆ P2 is of one of the types listed in
Definition 1.3 then κ(P2 \ E¯) = 2.
Proof. Suppose the contrary. We have c > 2, so [Wak78] implies that κ(P2 \ E¯) > 0 and c = 2,
hence E¯ is of type H, I or J . By the Iitaka Easy Addition Theorem, P2\E¯ has no C1-fibration.
Hence [Pal16, Proposition 2.6] implies that P2 \ E¯ has a C∗-fibration and by [PP17, Proposition
4.2] we can choose one without base points on X. Therefore, X has a P1-fibration such that
F ·D = 2 for any fiber F .
Suppose that D contains some fiber F . Because D contains no 0-curves, [Fuj82, 7.5] implies
that Fred = [2, 1, 2] and F meets D − Fred only in the middle component. The latter equals C ′j
for some j ∈ {1, 2}. Because c = 2, E meets D−C ′j, so E 6⊆ F . Then Q′1 contains Fred, so it is
not negative definite; a contradiction. By Lemma 2.4 the horizontal part of D consists of two
1-sections and every fiber F has a unique component LF not contained in D. We claim that
Dhor = C ′1 +C ′2. Suppose that C ′j is vertical for some j ∈ {1, 2}. A fiber of a P1-fibration cannot
contain a branching (−1)-curve, so since βD(C ′j) = 3, C ′j meets a section in D, hence µ(C ′j) = 1.
Thus C ′j is a tip of a fiber, so both sections in D meet C ′j. In particular, Dhor ⊆ E + Q′j. But
then C ′3−j is vertical and by the same argument we get Dhor ⊆ E + Q′3−j, so Dhor = E; a
contradiction. It follows that E is a component of some fiber FE. Since E · (D−C ′1−C ′2) = 0,
by the connectedness of D we get FE ∧D = E. As a consequence, FE = E + LFE = [1, 1], so
E2 = −1. This is a contradiction, because E2 6 −3. 
Lemma 4.2 (Existence of special lines, cf. Theorem 1.4). Let E¯ ⊆ P2 be a rational cuspidal
curve of one of the types listed in Definition 1.3 or in [PP17, Theorem 1.3, cf. Table 1]. We
order the cusps q1, . . . , qc ∈ E¯ of E¯ in such a way the multiplicity sequences (µj, µ′j, . . . ),
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j = 1, . . . , c form a non-increasing sequence in the lexicographic order. Denote by l12 the line
joining q1, q2 ∈ E¯ and by l1 the line tangent to q1 ∈ E¯. Then
(a) if E¯ is of type FZ1,FZ2,FE ,A−F ,H or I then (l12 · E¯)qj = µj for j = 1, 2 and l12 does
not meet E¯ \ {q1, q2},
(b) if E¯ is of type FZ1,FZ2,FE ,A − D,G,H,J ,Q3 or Q4 then (l1 · E¯)q1 = µ1 + µ′1 and l1
meets E¯ \ {q1} in a unique point, transversally.
Proof. We check case by case that
(4.1) µ1 + µ2 = deg E¯ in case (a) and µ1 + µ′1 = deg E¯ − 1 in case (b)
(for types listed in [PP17, Table 1] this was done in Section 4F loc. cit). The first equation
implies (a). We have (l1 · E¯)q1 < deg E¯. Indeed, otherwise l1 does not meet E¯ \ {q1}, so
l1 ∩ (P2 \ E¯) ∼= C1, which by Lemma 2.5 implies that κ(P2 \ E¯) < 2, contrary to Lemma 4.1.
Because the number (l1 ·E¯)q1 is the sum of at least two initial terms of the multiplicity sequence
of q1, the second equation implies (b). 
We now study the Kodaira-Iitaka dimension of the divisor KX + 12D.
Lemma 4.3 (A criterion for κ1/2 = −∞). Let D be a reduced divisor on a smooth projective
surface X. Assume that there is a P1-fibration of X such that for a general fiber f we have
(4.2) D · f = 4 and there exists a (−2)-twig of D with a horizontal component.
Then κ(KX + 12D) = −∞.
Proof. Suppose that κ(KX + 12D) > 0. Write P , N for the positive and negative part of the
Zariski-Fujita decomposition of KX + 12D. Let T = T1 + · · ·+Tm be a (−2)-twig of D, where Tk
for 1 6 k 6 m is the k-th component of T . We have T1 · (KX + 12D) = −1 < 0, so T1 ⊆ SuppN .
If for some 1 6 k < m we have T1 + · · ·+ Tk ⊆ SuppN then
Tk+1 · N = Tk+1 · (KX + 12D)− Tk+1 · P = −Tk+1 · P 6 0,
so in fact Tk+1 · N < 0, because Tk+1 · Tk > 0. It follows that Tk+1 ⊆ SuppN and hence by
induction T ⊆ SuppN . Therefore,
0 < f · N = f · (KX + 12D)− f · P = −f · P ;
a contradiction. 
Proposition 4.4 (Complements are C∗∗∗-fibered and have κ1/2 = −∞). Let E¯ ⊆ P2 be a
rational cuspidal curve of one of the types listed in Definition 1.3. Then the minimal log
resolution (X,D) of (P2, E¯) admits a P1-fibration satisfying (4.2). In particular,
κ(KX + 12D) = κ(KX0 +
1
2D0) = −∞.
Proof. Assume that E¯ is of typeQ3 orQ4. Then q1 ∈ E¯ has multiplicity µ1 = 2, so the pullback
of the pencil of lines through q1 induces a P1-fibration of X with D ·f = deg E¯−(µ1−1) = 4 for
a fiber f . The first component of Q′1 is a horizontal (−2)-tip of D, so this P1-fibration satisfies
(4.2).
Assume now that E¯ is of one of the remaining types. For j = 1, 2 denote by Uj the maximal
twig of D containing the first component of Q′j and by Vj the unique (−2)-twig of D meeting
C ′j. If Q′j is not a chain, we denote by Bj the branching component of Q′j meeting Uj and by
T ′j the unique twig of D meeting Bj which is disjoint from Uj + Vj (cf. Notation 2.6).
Consider the types FE(γ), FZ2(γ) and H(γ). By definition, we have γ > 5, γ > 4 and
γ > 3, respectively. Let A,A′ be the proper transforms on X of the lines l12, l1 from Lemma
4.2. We have (A′)2 = A2 = −1, A′ ·D = A ·D = 2, A meets D only in the first components of
Q′1 and Q′2 and A′ meets D only in E and in the second component of Q′1.
Consider the types FE(γ) and H(γ) (see Figures 12, 17). Then T ′2 = [2] is disjoint from
C ′2 + A and (Q′2 − T ′2) + A + U1 is a chain [2, 1, 3, 3, (2)γ−4, 1, γ − 2] if E¯ is of type FE(γ) and
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[2, 1, 3, 2, 3, (2)γ−2, 1, γ] if E¯ is of type H(γ). This chain supports a fiber F of a P1-fibration
of X, which meets Dhor only once in C ′2, once in B2 and once in U1. We have µ(C ′2) = 2 and
µ(B2) = µ(U1) = 1, so F · D = 4. Because T ′2 is a horizontal (−2)-tip of D, this P1-fibration
satisfies (4.2).
Consider the type FZ2(γ) (see Figure 16). Now
(Q′2 − V2) + A+ U1 +B1 + T ′1 + A′ = [1, 4, (2)γ−3, 1, γ − 1, 3, (2)γ−3, 1]
supports a fiber F of a P1-fibration of X, which meets Dhor only twice in C ′2, once in A′ and
once in B1. We have µ(C ′2) = µ(B1) = µ(A′) = 1, so F ·D = 4. Because tip−(V2) is a horizontal
component of a (−2)-twig of D, this P1-fibration satisfies (4.2).
Finally, consider the types I and J (see Figures 13, 18). Then V2 +C ′2 +E+C ′1 = [2, 1, 3, 1]
supports a fiber F of a P1-fibration of X, which meets Dhor only once in C ′2 and twice in C ′1.
We have µ(C ′2) = 2 and µ(C ′1) = 1, so F ·D = 4. Because tip−(V1) is a horizontal component
of a (−2)-twig of D, this P1-fibration satisfies (4.2).
The last statement of the lemma follows from Lemma 4.3 and Proposition 2.15. 
4B. Existence and uniqueness for types Q3 and Q4.
The existence and uniqueness of curves of types Q3 and Q4 follows from the classification of
rational planar quintics [Nam84, Theorem 2.3.10]. The proof sketched in loc. cit. is based on
computations which are left as an exercise, so for completeness we give an independent geometric
argument. We construct these curves from the Steiner tricuspidal quartic C¯ = FZ1(4, 1) using
quadratic Cremona transformations. We prove their projective uniqueness, too. The existence
and uniqueness of C¯ itself follows e.g. from [FZ96, Theorem 3.5], but since we need its explicit
form (4.3), we provide a direct argument.
Lemma 4.5 (The auxiliary quartic FZ1(4, 1)). Up to a projective equivalence there exists a
unique pair (C¯, (p1, p2, p3)), where C¯ ⊆ P2 is a rational quartic with three ordinary cusps p1,
p2, p3. It has a parametrization ϑ : P1 −→ P2 given by
(4.3) [u : v] 7→ [u2v2 : v2(u− v)2 : u2(u− v)2],
in which case p1 = [1 : 0 : 0], p2 = [0 : 1 : 0] and p3 = [0 : 0 : 1].
Proof. Let C¯ ⊆ P2 be a quartic with three ordinary cusps p1, p2, p3. Let σ : P2 99K P2 be the
standard quadratic transformation centered at p1, p2, p3. Then σ∗C¯ is a conic tangent to the
exceptional lines of σ−1. Conversely, if M is a conic and l1, l2, l3 are distinct lines tangent to M
then the standard quadratic transformation centered at lj∩lk for j 6= k maps M onto a quartic
with ordinary cusps at the points which are images of lj. Up to an automorphism of P2 this
transformation is inverse to σ. We obtain a one-to-one correspondence between the classes of
projective equivalence of pairs (C¯, (p1, p2, p3)) and (M, (l1, l2, l3)). The latter is unique. Taking
M = {[(u− v)2 : u2 : v2] : [u : v] ∈ P1} and l1 = {x = 0}, l2 = {y = 0}, l3 = {z = 0}
we get C¯ given by (4.3). 
Proposition 4.6. Up to a projective equivalence there exists a unique rational cuspidal curve
(quintic) of type Q3.
Proof. We describe a one-to-one correspondence between classes of projective equivalence of
pairs (E¯, q1) and (C¯, (p1, r1)), where E¯ ⊆ P2 is of type Q3, q1 ∈ Sing E¯, C¯ ⊆ P2 is a tricuspidal
quartic with cusps p1, p2, p3 and r1 ∈ C¯ is a point such that
(4.4) for j ∈ {2, 3} the line lj joining r1 with pj meets C¯ \ {r1, pj} in a (unique) point rjsuch that p1, r2, r3 are collinear (see Figure 20).
Assume that E¯ is of type Q3. Denote by q1, q2, q3 the cusps of E¯ and by ljk the line joining qj
with qk. Let σ be the standard quadratic transformation centered at q1, q2, q3. Put C¯ := σ∗E¯.
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Q3
←− −→
FZ1(4, 1)
Figure 20. A construction of the quintic Q3.
Let pj be the point infinitely near to qj on C¯ and let lj be the exceptional line of σ−1 containing
pj. Put r1 := σ(l23) and rj := σ(l1j) for j ∈ {2, 3}. Lemma 4.2(b) implies that the lines ljk
are not tangent to E¯, so ljk meets E¯ \ {qj, qk} once and transversally. Therefore, the points
p1, p2, p3, r1, r2, r3 lie on C¯ and are distinct. The curve C¯ is cuspidal, with cusps p1, p2, p3. The
multiplicity sequence of pj ∈ C¯ is the multiplicity sequence of qj ∈ E¯ shortened by the initial
term, so pj ∈ C¯ is ordinary. It follows that C¯ is a tricuspidal quartic. Because r1, pj, rj ∈ lj for
j ∈ {2, 3} and p1, r2, r3 ∈ l1, the pair (C¯, (p1, r1)) satisfies (4.4).
Conversely, assume that (C¯, (p1, r1)) is as in (4.4). Then the standard quadratic transforma-
tion centered at r1, r2, r3 maps C¯ to a curve of type Q3. Up to an automorphism of P2 this
transformation is inverse to σ. Therefore, we have a one-to-one correspondence between classes
of projective equivalence of pairs (E¯, q1) and (C¯, (p1, r1)).
By Lemma 4.5 it remains to show that the class of (C¯, (p1, r1)) satisfying (4.4) is uniquely
determined by the class of (C¯, p1). Let (C¯, p1) be as in (4.3) and let r1 be a smooth point of
C¯, so r1 = ϑ[α : 1] for some α ∈ C \ {0, 1}. Then for j ∈ {2, 3} the lines lj joining r1 with pj
are given by
l2 = {(α− 1)2x = z} and l3 = {(α− 1)2x = α2y}.
Now lj∩C¯ = {r1, pj, rj}, where r2 = ϑ[2−α : 1] and r3 = ϑ[α : 2α−1]. We check that the points
p1, r2, r3 are collinear if and only if (α− 1)2 = α. Then r1 = [1 : α−1 : α] and α = (3±
√
5)/2.
The two possible points r1, namely [2 : 3 +
√
5 : 3−√5] and [2 : 3−√5 : 3 +√5], are mapped
to each other by the involution [x : y : z] 7→ [x : z : y] which fixes (C¯, p1). 
Lemma 4.7. For every curve C ⊆ P2 other than a line, assigning to an automorphism of
(P2, C) its pullback to the normalization ν : Cν −→ C defines a monomorphism
(4.5) Aut(P2, C) ↪→ Aut(Cν , ν−1(SingC)).
Proof. Let σ ∈ Aut(P2, C). By the universal property of the normalization, the morphism
σ ◦ ν factors as σ ◦ ν = ν ◦ σν for some σν : Cν −→ Cν . Since σν is birational and lifts σ|C ,
it is unique and we have σν ∈ Aut(C, ν−1(SingC)). It follows from the uniqueness that the
assignment σ 7→ σν is a homomorphism. If σν = idCν then σ|C = id, so σ = id, because C
spans P2. 
Remark 4.8 (Properties of Q3). Let α = (3−
√
5)/2. We argue that Q3 has parametrization
(4.6) [u : v] 7→ [u2v2(u− αv) : v2(u− v)2((1− α)u+ v) : u2(u− v)2((α− 1)u+ v)],
and that
(4.7) Aut(P2,Q3) ∼= Z3.
The parametrization, call it ν : P1 −→ E¯, follows from the construction from the proof of
Proposition 4.6, the three cusps are [1 : 0 : 0], [0 : 1 : 0] and [0 : 0 : 1].
To compute the automorphism group note first that the automorphism ε([x : y : z]) = [αy :
z : (α − 1)x] fixes E¯ and cyclically permutes the cusps q1 = ν([1 : 1]), q2 = ν([0 : 1]) and
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q3 = ν([1 : 0]), hence Z3 ∼= 〈ε〉 ⊆ Aut(P2, E¯). Suppose that σ ∈ Aut(P2, E¯, q1) and σ 6= id.
Let σν be as in Lemma 4.7. We have σν([u : v]) = [v : u], so σ([x : y : z]) = [x : z : y]. But
this automorphism does not fix E¯, as for instance, the inverse images of the unique points of
intersection of E¯ \ {q1, q2} with the lines through q1 and qj, j = 2, 3, namely [1 − α : 1] and
[α− 1 : 1], are not mapped to each other; a contradiction.
Proposition 4.9. Up to a projective equivalence there exists a unique rational cuspidal curve
(quintic) of type Q4.
Proof. We describe a one-to-one correspondence between classes of projective equivalence of
(E¯, q2) and (C¯, (p1, s1)), where E¯ ⊆ P2 is of type Q4, q2 ∈ E¯ is an ordinary cusp, C¯ ⊆ P2 is a
tricuspidal quartic with cusps p1, p2, p3 and s1 ∈ C¯ is a point such that
(4.8) the line tangent to C¯ at s1 is tangent to C¯ \ {s1},
see Figure 21, that is, this line is bitangent to C¯. Because deg C¯ = 4, it meets C¯ in exactly two
smooth points, with multiplicity 2.
Q4
←− −→
FZ1(4, 1)
Figure 21. A construction of the quintic Q4.
Assume that E¯ is of type Q4. Recall that by Lemma 4.2(b) the line l1 tangent to the cusp
q1 ∈ E¯ with multiplicity sequence (2, 2, 2) satisfies (l1 · E¯)q1 = 4 and meets E¯ \{q1} in a unique
point, say r. Blow up three times at q1 and its infinitely near points on the proper transform of
E¯. The exceptional divisor is a chain V1 + V2 + L = [2, 2, 1], meeting the proper transforms of
l1 and E¯ in V2 and L, respectively. Contract the proper transform of l1, which is a (−1)-curve,
and the image of V1 + V2. Note that this contraction does not touch the proper transform of
the germ of E¯ at q1, which is smooth and meets the image of L with multiplicity 2. Denote the
resulting map by σ : P2 99K P2 (it is a quadratic transformation with one proper base point, see
[AC02, Proposition 8.5.2]). Put C¯ := σ∗E¯, pj := σ(qj+1) for j ∈ {1, 2, 3} and s1 := σ(l1). Let
l be the image of L and let s2 ∈ l be the image of the point infinitely near to q1, see Figure
21. Then l is a line, s1, s2 ∈ C¯ are smooth and (C¯ · l)sk = 2 for k = 1, 2. Since σ restricts to
an isomorphism P2 \ l1 −→ P2 \ l, the curve C¯ is a tricuspidal quartic with cusps p1, p2, p3.
Hence (C¯, (p1, s1)) satisfies (4.8).
Conversely, let (C¯, (p1, s1)) be as in (4.8). The line l tangent to C¯1 at s1 is bitangent to
C¯. Let σ′ : P2 99K P2 be a composition of three blowups at s1 and its infinitely near points
on the proper transforms of C¯, followed by the contraction of the proper transform of l and
the images of the first and second exceptional curve. Then σ′ maps C¯ to a curve of type Q4.
Up to an automorphism of P2 the map σ′ is inverse to σ. Therefore, we have a one-to-one
correspondence between classes of projective equivalence of pairs (E¯, q2) and (C¯, (p1, s1)).
By Lemma 4.5 it remains to show that the class of (C¯, (p1, s1)) satisfying (4.8) is uniquely
determined by the class of (C¯, p1). Let (C¯, p1) be as in (4.3). Suppose C¯ has two bitangent
lines l, l′. Then the four points of tangency are distinct, so the projection from l∩ l′ restricts
to a morphism C¯ −→ P1 of degree 4 ramified at the four points of (l∪ l′) ∩ C¯ and at three
cusps of C¯. This contradicts the Hurwitz formula. Thus C¯ has at most one bitangent line, say
l. For C¯ as in (4.3) this is the line l= {x+ y + z = 0}, meeting C¯ with multiplicity 2 at
s1 = ϑ[−ζ : 1] = [1 : ζ2 : ζ] and s2 = ϑ[−ζ2 : 1] = [1 : ζ : ζ2],
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where ζ = exp(2piı/3). Therefore, the pairs (C¯, (p1, sk)) for k ∈ {1, 2} satisfy (4.8). The result
follows, because the points s1, s2 are mapped to each other by the involution [x : y : z] 7→ [x :
z : y] which fixes (C¯, p1). 
Remark 4.10 (Properties of Q4). We argue that Q4 has parametrization
(4.9) [u : v] 7→ [uv4 : v2(u3 − v3) : u2(u3 + 2v3)],
and that
(4.10) Aut(P2,Q4) ∼= Z3.
The parametrization, call it ν : P1 −→ E¯, follows from the construction from the proof of
Proposition 4.9, it is also given in [Nam84, 2.3.10.6]. The curve has a cusp with multiplicity
sequence (2, 2, 2) at q1 = ν([1 : 0]) and ordinary cusps q2+k = ν([−ζk : 3
√
2]), where ζ =
exp(2piı/3) and k ∈ {0, 1, 2}.
To compute the automorphism group we use Lemma 4.7. Note that ε([x : y : z]) = [ζx :
y : ζ2z] fixes E¯ and cyclically permutes the ordinary cusps, hence Z3 ∼= 〈ε〉 ⊆ Aut(P2, E¯). If
σ ∈ Aut(P2, E¯, q2) then σν as in Lemma 4.7 fixes [−1 : 3
√
2], [1, 0] and {[−ζ : 3√2], [−ζ2 : 3√2]},
which is possible only if σν = idP1 . Thus (4.10) holds.
Remark 4.11 (Other proofs of existence for types Q3, Q4).
(a) Let ι3, ι4 : C∗ −→ C2 be the injective morphisms given, respectively, by (v) and (w) in
[BZ10]. Via an automorphism of C2 they are equivalent to E¯ \ l1 ↪→ P2 \ l1, where E¯ is of
typeQ3 orQ4, respectively, and l1 is the line tangent to q1 ∈ E¯. Indeed, let j3, j4 : C2 ↪→ P2
be embeddings given by
j3(x, y) = [x : 4(1 +
√
5)y − x2 : 1], j4(x, y) = [x : 8y − x2 : 1].
Then the closures of the images of j3 ◦ ι3 and j4 ◦ ι4 are of type Q3 and Q4, respectively.
(b) A construction of curves of types Q3 and Q4, similar to ours, that is, using quadratic
transformations applied to simple planar configurations, is given in [Moe08, Section 6.3].
4C. Existence and uniqueness for types FZ2, FE and H.
The existence and uniqueness of the curves FZ2(γ), γ > 4 is proved in [FZ00] by showing
that some quadratic transformation maps a curve of type FZ2(γ) to a curve of type FZ2(γ+1).
The existence and uniqueness of Fenske curves FE is shown in [Fen99] by a similar method.
The type H(γ) is realized by the closure of the embedding sq−(k), k = γ−1 from [CNKR09,
6.9.3], given by the formula in Theorem 8.2(iii) loc. cit. Indeed, that closure has two points
at infinity, which are cusps described by Hamburger-Noether pairs
(
4
4γ−2
)(
2
3
)
and
(
3γ−3
3γ
)(
3
1
)
,
so their multiplicity sequences are ((4)γ−1, 2, 2, 2) and (3γ − 3, (3)γ−1), respectively (cf. [PP17,
Lemma 2.11]). Hence it is of type H(γ). This proves that curves of type H(γ) do exist.
Assume that E¯ is of type H(γ), γ > 3. By Lemma 4.2(a) the line l12 joining the cusps of E¯
does not meet the smooth part of E¯, so E¯ \ l12 ⊆ P2 \ l12 is a closed embedding C∗ ↪→ C2. By
Lemma 4.2(b) the line l1 tangent to q1 ∈ E¯ meets E¯ \ l12 once and transversally, so it is a good
asymptote for E¯\l12 ⊆ P2\l12. The classification [CNKR09, Theorem 8.2] of closed embeddings
C∗ ↪→ C2 which admit a good asymptote implies that the embedding E¯ \l12 ⊆ P2 \l12 is unique
up to an automorphism of P2 \ l12 ∼= C2. To infer the projective uniqueness of E¯ ⊆ P2, one
needs to show that any automorphism of (P2 \ l12, E¯ \ l12) extends to an automorphism of
(P2, E¯). This is done in [PP17, Lemma 4.6] for closures of some other embeddings, but the
proof for H(γ) is exactly the same. It relies of the fact that the surface P2 \ (E¯ ∪ l12), being
of log general type, admits a unique minimal log smooth completion, which in turn is uniquely
determined by the singularities of E¯ + l12. We leave the details to the reader.
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Remark 4.12 (Other proofs of existence for types FZ2, FE , and H).
(a) A curve E¯ of type FZ2(k + 2) for k > 2 can be also obtained as the closure of the image
of a singular embedding C∗ −→ C2 given by [BZ10, (g)] via the standard embedding
C2 3 (x, y) 7→ [x : y : 1] ∈ P2. Then the line {z = 0} at infinity is the line l12 joining
q1, q2 ∈ E¯. Another way to get this curve is to note that the line l1 tangent to q1 ∈ E¯
meets E¯ in two points, so E¯ \ l1 ⊆ P2 \ l1 is a singular embedding C∗ −→ C2. One can
check that it is given by [BZ10, (k)] via the embedding (x, y) 7→ [x : y−∑kl=1 alxk−l+2 : 1],
where a1 = 1 and al+1 = (−1)l
((
3l−2
l
)
+ 4
(
3l−2
l−1
))
−∑lr=1(−1)r(3rr )al+1−r for l > 1.
(b) A curve E¯ of type FE(k + 3) for k > 2 can be obtained as the closure of the image
of a singular embedding C∗ −→ C2 given by [BZ10, (h)] via the standard embedding
C2 3 (x, y) 7→ [x : y : 1] ∈ P2. As in (a), the line {z = 0} at infinity is the line
l12 joining q1, q2 ∈ E¯. Choosing for the line at infinity the one tangent to q1 ∈ E¯,
we get another singular embedding C∗ −→ C2, and one can check that it is given by
[BZ10, (p)] via the embedding (x, y) 7→ [x : y − ∑kl=1 alxk−l+2 : 1], where a1 = 1 and
al+1 = (−1)l
((
4l−2
l
)
+ 3
(
4l−2
l−1
))
−∑lr=1(−1)r(4rr )al+1−r for l > 1.
(c) Similarly, a curve E¯ of type H(k + 1) for k > 2 can be obtained as the closure of the
image of an embedding C∗ −→ C2 given by [BZ10, (i)] via the standard embedding C2 3
(x, y) 7→ [x : y : 1] ∈ P2. Then the line at infinity joins the two cusps of E¯. Again,
one can check that E¯ \ l1 ⊆ E¯ \ l1, where l1 is the line tangent to q1 ∈ E¯, is a singular
embedding C∗ −→ C2 given by [BZ10, (o)] with parameters (m,n) equal to (1, k), via
the embedding C2 3 (x, y) 7→ [y : x −∑kl=1 alyk−l+2 : 1] ∈ P2, where a1 = 1 and al+1 =
(−1)l
((
4l−2
l
)
−
(
4l−2
l−1
))
−∑lr=1(−1)r(4rr )al+1−r for l > 1.
(d) An inductive construction of the series H by quadratic transformations was given recently
by J. Bodna´r, see [Bod16b, Theorem 3.1(e)].
(e) Theorem 1.2 and [PP17, Theorem 1.3] yield the following characterization. A rational
cuspidal curve E¯ ⊆ P2 with complement of log general type is of type H(γ) for some γ > 3
if and only if the surface P2 \ E¯ admits no C∗∗-fibration and E¯ is a closure of the image
of a smooth closed embedding C∗ ↪→ C2 with a good asymptote. Note that [CNKR09,
Theorem 8.2(iii)] allows γ = k − 1 = 2 which we do not, because in this case E¯ is of type
A(2, 2, 1) from [PP17, Theorem 1.3], so P2 \ E¯ has a C∗∗-fibration.
4D. Existence and uniqueness for types I and J .
To prove the existence and uniqueness of curves of types I and J we first show the uniqueness
of minimal models (Xmin, 12Dmin) of the corresponding log surfaces (X0,
1
2D0) which appeared
in Section 3. Put F2 := P(OP1(2)⊕OP1) and let ∆˜− be the negative section of F2.
Lemma 4.13 (Recovering (Z,DZ), cf. (3.1)). The following configurations exist and are unique
up to an isomorphism of pairs:
(a) (P2, C˜1 + C˜2 + E˜0), where C˜1, C˜2 are conics meeting with multiplicities 3, 1 and E˜0 is a
line tangent to C˜1 and C˜2 off C˜1 ∩ C˜2 (see Figure 18).
(b) (F2, ∆˜−+ C˜1 + C˜2 + E˜0), where C˜1, C˜2, E˜0 are 1-sections such that C˜1 · ∆˜− = 1, C˜2 · ∆˜− =
E˜0 · ∆˜− = 0, C˜1 meets C˜2 in two points (with multiplicities 1, 2) and E˜0 meets each C˜j,
j ∈ {1, 2} in a unique point off C˜1 ∩ C˜2 (with multiplicity 4− j), (see Figure 13).
Proof. (a) Since up to a projective equivalence there exists a unique conic with an ordered triple
of distinct points on it, the triple (C˜1 + E˜0, p, p′), where E˜0 is a line tangent to a conic C˜1 and
p, p′ are distinct points of C˜1\E˜0, is unique up to a projective equivalence, say, C˜1 = {x2 = yz},
E˜0 = {z = 0}, p = [1 : 1 : 1] and p′ = [0 : 0 : 1]. The pencil of conics tangent to C˜1 with
multiplicity 3 at p′ and passing through p is given by
{λ(x2 − yz) = µy(y − x)}[λ:µ]∈P1 .
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It contains a unique smooth member tangent to E˜0, namely C˜2 = {x2 − yz = 4y(y − x)} .
(b) Let C˜1 + C˜2 + E˜0 be as in (a). Denote by p the point where C˜1 and C˜2 meet transversally
and by l the line tangent to C˜2 at p. Let ϑ : P2 99K F2 be a blow up at p and its infinitely near
point on the proper transform of l followed by the contraction of the latter. Then ϑ∗(C˜1 +
C˜2 + E˜0) is as in (b), where ϑ∗C˜1, ϑ∗C˜2 and ϑ∗E˜0 correspond to C˜1, E˜0 and C˜2, respectively.
Conversely, let C˜1 + C˜2 + E˜0 be as in (b), let p′ be the point where C˜1 and C˜2 meet transversally
and let F be the fiber through p′. Let η : F2 99K P2 be a blowup at p′ followed by the contraction
of the proper transform of F + ∆˜−. Then η∗(C˜1 + C˜2 + E˜0) is as in (a), where η∗C˜1, η∗C˜2 and
η∗E˜0 correspond to C˜1, E˜0 and C˜2, respectively. Clearly, η and ϑ are inverse to each other.
Hence (b) follows from (a) and from the universal property of blowing up. 
Proposition 4.14. Planar rational cuspidal curves of types I and J (k), k > 2 exist and are
unique up to a projective equivalence.
Proof. For a construction of a curve of type I let (Z,DZ) be as in Lemma 4.13(b), see Figure
13. Write C˜1 ∩ C˜2 = {p, p′} where (C˜1 · C˜2)p = 2, (C˜1 · C˜2)p′ = 1. Let α+2 : X2 −→ Z be the
blowup at p and its infinitely near point on the proper transform of DZ . Put Ĉj := (α+2 )−1∗ C˜j,
j ∈ {1, 2} and let Υ2 ⊆ X2 be the last exceptional curve of α+2 , so Υ22 = −1 and Υ2 + Ĉ1 + Ĉ2
is snc and has a circular graph. Now let ψ : X0 −→ X2 be the composition of blowups over
Ĉ1 ∩ Ĉ2, Ĉ1 ∩Υ2 whose centers are double points of the subsequent preimages of Υ2 + Ĉ1 + Ĉ2
(so the graph of ψ∗(Υ2 + Ĉ1 + Ĉ2) is circular, too), such that ψ−1(Ĉ1 ∩ Ĉ2) and ψ−1(Ĉ1 ∩Υ2)
are chains [1, 2] and [3, 2, 1, 3], respectively, meeting ψ−1∗ Ĉ1 in their first tips.
For a construction of a curve of type J (k), k > 2 let (Z,DZ) be as in Lemma 4.13(a), see
Figure 18. Write C˜1 ∩ C˜2 = {p, p′} where (C˜1 · C˜2)p = 1, (C˜1 · C˜2)p′ = 3. Blow up three times
at p′ and its infinitely near points on the proper transforms of DZ and denote this morphism
by α+2 : X2 −→ Z. As before, put Ĉj := (α+2 )−1∗ C˜j, j ∈ {1, 2} and denote by Υ2 ⊆ X2 the last
exceptional curve of α+2 . Now let ψ : X0 −→ X2 be the composition of blowups over Ĉ1 ∩ Ĉ2,
Υ2 ∩ Ĉ2 at double points of the subsequent preimages of Υ2 + Ĉ1 + Ĉ2, such that ψ−1(Ĉ1 ∩ Ĉ2)
and ψ−1(Υ2 ∩ Ĉ2) are chains [(2)k−1, 1, k + 1] and [1, (2)k−1], respectively, meeting ψ−1∗ Ĉ2 in
their last tips.
For both types put ψ+ = α+2 ◦ψ, E0 = (ψ+)−1∗ E˜0 and write ((ψ+)∗DZ)red = D0+A+A′, where
A and A′ are the (−1)-curves in the preimages of p and p′, respectively. Computing the changes
of self-intersection numbers of the components of DZ we infer that connected components of
D0 − E0 contract to smooth points. The resulting surface has Picard rank
ρ(X0)−#(D0 − E0) = ρ(X0)−#(ψ+)∗DZ + 3 = ρ(Z)−#DZ + 3 = 1,
so it is P2. Looking at the weighted graph of D0 we see that the image of E0 is a cuspidal curve
of type I and J (k), respectively. Therefore, such curves do exist.
Let E¯ ⊆ P2 be of type I or J (k) for some k > 2. We prove the projective uniqueness of
E¯ in each case. As before, let pi0 : (X0, D0) −→ (P2, E¯) be the minimal weak resolution. We
use Notation 2.6 for the components of D0. By the results of Section 4A the surface P2 \ E¯
satisfies (2.9). By Lemma 3.2(h) the pair (X0, 12D0) is not almost minimal. In Section 3 we
have shown that for such curves we can run log MMP for (X0, 12D0) as in Propositions 3.10 and
3.16. In particular, n = 2 and the proper transforms A,A′ ⊆ X0 of the contracted almost log
exceptional curves are (−1)-curves such that A ·D0 = A′ ·D0 = 2 and
(a) if E¯ is of type I then A meets tip+(T1) and tip+(T2), and A′ meets C1 and the (−2)-tip
of Q2 meeting C2,
(b) if E¯ is of type J then A meets tip+(T ′1) and tip+(T2), and A′ meets tip−(T1) and tip+(T ′2).
The above properties specify the intersection numbers of A and A′ with all the components of
D0. Since the Ne´ron-Severi group NSQ(X0) is generated freely by the classes of components of
D0, the numerical classes of A and A′ are uniquely determined. Since A2 < 0 and (A′)2 < 0,
the curves A, A′ are unique.
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Now we prove that a morphism ψ+ = α+2 ◦ψ : (X0, D0) −→ (Z,DZ) as in Section 3, see Figures
13 and 18, is uniquely determined by E¯ ⊆ P2. We check directly that in our cases ExcψA and
ExcψA′ are disjoint (see Lemmas 4.1 and 2.20(b)). Let ψ : (X0, D0) −→ (X2, D2) be the
contraction of ExcψA+ExcψA′ . The morphism ψ is uniquely determined by (X0, D0 +A+A′),
see Definition 2.12, hence by (X0, D0), and in consequence by E¯ ⊆ P2. Let Υ2 +∆+2 ⊆ X2 be as
in Notation 2.13 (see Figure 4). Let α+2 : (X2, D2) −→ (Z,DZ) be the contraction of Υ2 + ∆+2
(in our cases Υ2 is a unique (−1)-curve in D2 and ∆+2 is a unique (−2)-twig of D2 meeting
Υ2). We check that for E¯ of type I or J (k) the pair (Z,DZ) is as in Lemma 4.13(b) or (a),
respectively (see Propositions 3.10 and 3.16). Therefore, we have shown that a curve E¯ ⊆ P2
of type I or J (k) uniquely determines, via ψ+ = α+2 ◦ ψ, a pair (Z,DZ) as in Lemma 4.13(b)
or (a), respectively, together with a pair of points p, p′ ∈ C˜1 ∩ C˜2 which are centers of ψ+.
Conversely, given a pair (Z,DZ) as in Lemma 4.13(b) or (a), there is a unique sequence of
blowups over C˜1∩ C˜2 = {p, p′} such that the weighted graph of the total transform of DZ is the
same as that of D0 +A+A′, where D0 is as required for the minimal weak resolution of E¯ ⊆ P2
of type I or J (k), respectively, and A + A′ is as in (a) and (b). Indeed, since the preimage
of both points is a chain which has a unique (−1)-curve and meets the proper transform of
DZ in tips, we see by induction that the center of each blowup is uniquely determined as the
common point of a specific pair of components of the preimage of DZ . Therefore, we have a
one-to-one correspondence between the isomorphism classes of pairs (Z,DZ) and (X0, D0), and
consequently, of pairs (P2, E¯) of respective type. Thus the projective uniqueness of E¯ follows
from the uniqueness of (Z,DZ) proved in Lemma 4.13. 
Remark 4.15 (An alternative way to obtain A and A′). In the above proof of the projective
uniqueness of E¯ ⊆ P2 the key role is played by the curves A,A′ ⊆ X0 used to reconstruct the
process ψ of almost minimalization. We have obtained them using the description of ψ from
Section 3. Below we sketch how to find them directly using the geometry of E¯ ⊆ P2. As we
will see, the curve pi0(A) for type I is a line and pi0(A), pi0(A′) for type J are conics. But for
type I the curve pi0(A′) is a specific quartic, more difficult to see directly on P2.
(a) (Type I, see Figure 13). The curve A is the proper transform of the line l12 from
Lemma 4.2(a). In order to construct A′ let ϑ be the contraction of A and of all new (−1)-
curves in the subsequent images of D0 followed by the blowup at the image of C2 ∩ E0 and
its infinitely near point on the proper transform of E0. Let V, and C†2 be, respectively, the
first and the second exceptional curve over C2 ∩ E0. Put D̂0 := ϑ∗D0 + V + C†2 . We have
(ϑ∗E0)2 = E2 + τ1 = 0, so |ϑ∗E0| induces a P1-fibration, see Figure 22. We use Notation 2.3
Figure 22. The P1-fibration from Remark 4.15(a).
for this P1-fibration. The horizontal part of D̂0 consists of a 3-section ϑ∗C1 and a 1-section C†2.
The divisor (D̂0 − ϑ∗E0)vert has three connected components, namely V = [2], ϑ∗T ′1 = [2] and
a chain [2, 1]. The first component, say U , of the latter chain is a (−2)-tip of D̂0. The second
one equals ϑ∗C2 and meets ϑ∗C1 and C†2 with multiplicities 2 and 1, respectively. In particular,
µ(ϑ∗C2) = µ(ϑ∗C2)ϑ∗C2 ·C†2 6 ϑ∗E0 ·C†2 = 1, so µ(ϑ∗C2) = 1. Denote by FV and FU the fibers
containing V and U , respectively. Lemma 2.4 implies that every fiber F 6= ϑ∗E0 has a unique
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component, say LF , not contained in (D̂0)vert. We have ϑ∗C2 6⊆ FV , because V and ϑ∗C2 meet
the same 1-section C†2. Since FV 6= V +LFV , it follows that FV contains ϑ∗T ′1, so FU ∧(D̂0)vert is
connected. Because µ(ϑ∗C2) = 1, ϑ∗C2 is a tip of FU , so the contractibility of FU to a 0-curve
implies that L2FU = −1 and that LFU meets (D̂0)vert only in U . Moreover,
LFU · C†2 = 1− (FU − LFU ) · C†2 = 0 and LFU · ϑ∗C1 = 3− (FU − LFU ) · ϑ∗C1 = 1,
so A′ := (ϑ−1)∗LFU satisfies the required conditions.
(b) (Type J (k), k > 2, see Figure 18). Consider the decomposition pi0 = ϑ ◦ η, where ϑ is a
composition of a blow up at q2 and three blowups over q1 and its infinitely near points on the
proper transforms of E¯. Let l1, l12 ⊆ P2 be as in Lemma 4.2. Put L1 = ϑ−1∗ l1, L12 = ϑ−1∗ l12,
denote by Vj the last exceptional curve of ϑ−1 over qj, j ∈ {1, 2} and put W = Excϑ−V1−V2.
Looking at the multiplicity sequences of q1, q2 ∈ E¯ listed in Table 1, we see that for j ∈ {1, 2}
the curve ϑ−1∗ E0 has a cusp q′j ∈ Vj \W of multiplicity sequence (2)k . Moreover, Lemma 4.2
implies that L1 +W + L12 = [1, 2, 2, 1] meets ϑ−1∗ E0 transversally and
(L1 +W + L12) ∩ ϑ−1∗ E0 = ϑ−1((l1 ∪ l12) ∩ E¯ \ {q1, q2})
consists of two points. Hence |L1+W+L12| induces a P1-fibration such that ϑ−1∗ E¯ is a 2-section.
Lemma 2.4 implies that L1+W+L12 is the unique degenerate fiber. In particular, for j ∈ {1, 2}
the fiber Fj passing through q′j is smooth. Now Fj ·W = 0, Fj · Vj′ = 1 for j′ ∈ {1, 2} and Fj
meets ϑ−1∗ E0 only in q′j, with multiplicity 2. It follows that η touches η−1∗ Fj exactly once. Then
(η−1∗ Fj)2 = −1 and we see that A := η−1∗ F1, A′ := η−1∗ F2 satisfy the required conditions.
Remark 4.16 (A new proof of existence and uniqueness of curves FZ2, FE and H). The
above procedure can also be applied to construct rational cuspidal curves of types FZ2, FE
and H and to give a geometric proof of their projective uniqueness. We sketch the argument,
leaving the details to the reader. First, one shows that the following configurations (Z,DZ) are
unique up to an isomorphism of pairs:
(a) (P2, E˜0 + C˜1 + C˜2), where E˜0 is a cuspidal cubic and C˜j, j ∈ {1, 2} is a line tangent to E˜0
with multiplicity j + 1, see Figure 16.
(b) (F2, ∆˜− + C˜1 + C˜2 + E˜0), where C˜1 is a fiber of the unique P1-fibration of F2, C˜2 is a
1-section and E˜0 is a rational cuspidal 2-section such that C˜2 + E˜0 is disjoint from ∆˜−, E˜0
is tangent to C˜1 off C˜2 and mets C˜2 with multiplicities 3, 1, see Figure 12.
(c) (P2, E˜0 + C˜1 + C˜2), where E˜0, C˜1 are conics meeting with multiplicities 3, 1 and C˜2 is a
line tangent to E˜0 and C˜1 off E˜0 ∩ C˜1, see Figure 17 (cf. Lemma 4.13(a)).
For a construction of curves of type FZ2, FE or H let (Z,DZ) be as in (a), (b) or (c), re-
spectively. As in the proof of Proposition 4.14, we see that it is possible to choose a morphism
ψ+ : (X0, D0 +A+A′) −→ (Z,DZ), with weighted graphs as in Figures 16, 12 and 17, respec-
tively. Then the connected components of D0 − (ψ+)−1∗ E˜0 contract to points on P2 and the
image of (ψ+)−1∗ E˜0 is a rational cuspidal curve of the respective type.
To see the projective uniqueness let E¯ ⊆ P2 be of type FZ2, FE or H. Then there exist
unique (−1)-curves A,A′ ⊆ X0 such that A ·D0 = A′ ·D0 = 2, A meets tip+(T1) and tip+(T2)
and A′ meets tip+(T ′1) and E0. Indeed, A and A′ can be taken as the proper transforms of the
lines l12 and l1 from Lemma 4.2, respectively. Again, since the numerical classes of A, A′ are
uniquely determined by their intersection numbers with the components of D0, we infer from the
inequalities A2 < 0, (A′)2 < 0 that A, A′ are unique. We check that ψ+ : (X0, D0) −→ (Z,DZ)
defines a bijection between the classes of projective equivalence of E¯ ⊆ P2 and the isomorphism
classes of pairs (Z,DZ). Therefore, in each case E¯ ⊆ P2 is unique up to a projective equivalence.
Remark 4.17 (Other proofs of existence for types I and J ).
(a) A curve of type I can also be obtained as the closure of the embedding C∗ ↪→ C2 given
by [BZ10, (t)] via the standard embedding C2 3 (x, y) 7→ [x : y : 1] ∈ P2. A curve of type
J (k) for k > 2 can be obtained as a closure of the singular embedding C∗ −→ C2 given
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by [BZ10, (n)], with parameters (l,m, n) equal to (1, k + 1, 1). But for this one needs to
use a very specific embedding C2 ↪→ P2, given by
(x, y) 7→ [x− y : 4x− (x− y)2 : 1].
(b) M. Zaidenberg informed us that the existence of curves of type J (k) was most likely known
to T. tom Dieck, who listed their multiplicity sequences in his private correspondence with
H. Flenner in 1995. An inductive construction of this series by Cremona maps was given
recently by J. Bodna´r [Bod16b, Theorem 3.1(c)].
(c) The classification of closed smooth embeddings C∗ ↪→ C2 will be established in a forth-
coming article [KP16]. The most exceptional case is the curve of type I. Together with
[PP17, Theorem 1.3] one gets the following characterization. A rational cuspidal curve
E¯ ⊆ P2 with a complement of log general type is of type I if and only if the surface P2 \ E¯
admits no C∗∗-fibration and E¯ is the closure of the image of a smooth closed embedding
C∗ ↪→ C2 with no good asymptote.
4E. A direct proof of nonexistence of C∗∗-fibrations.
The proof of nonexistence of C∗∗-fibrations of P2 \ E¯ given in the beginning of Section 4 relies
on the classification result [PP17, Theorem 1.3]. Here we give a direct proof of this fact.
Proposition 4.18 (Complements are not C∗∗-fibered). If E¯ ⊆ P2 is a rational cuspidal curve
of one of the types listed in Definition 1.3 then P2 \ E¯ has no C∗∗-fibration.
Proof. Suppose that P2 \ E¯ has a C∗∗-fibration. By [PP17, Proposition 3.3] we can choose one
with no base points on X, where pi : (X,D) −→ (P2, E¯) is the minimal log resolution. Then
this fibration extends to a P1-fibration X −→ P1 such that F · D = 3 for every fiber F . We
use Notation 2.3 and for the components of D we use the notation introduced at the beginning
of Section 4. In particular, E = pi−1∗ E¯, Q′j = pi−1(qj)red for j ∈ {1, . . . , c} and C ′j is the last
component of Q′j, that is, the unique (−1)-curve in Q′j. Recall also that for types listed in
Definition 1.3 we have c ∈ {2, 3, 4} and E2 6 −3, see Table 1.
Claim 1. For every j ∈ {1, . . . , c} the divisor E + C ′j is not vertical.
Proof. Suppose that E + C ′j is contained in some fiber, say, FE. Because βD(C ′j) = 3 and
because fibers of P1-fibrations contain no branching (−1)-curves, we have C ′j ·Dhor > 1, and if
the equality holds then C ′j is not a tip of FE, so µ(C ′j) > 2. In any case, we get µ(C ′j)C ′j ·Dhor > 2.
It follows that C ′j′ is horizontal for j′ 6= j and
µ(C ′j)C ′j ·Dhor 6 (FE − E) ·Dhor 6 3− (c− 1) 6 2,
so the equalities hold. In particular, c = 2 and Dhor meets FE only in C ′j + E. Since D is
connected, every connected component of Dvert meets Dhor, so the set FE ∩D is connected. As
a consequence, FE ⊆ D: indeed, if FE has a component L 6⊆ D then L ·Dhor = 0 and, since FE
is a rational tree, L·Dvert = 1 and L ∼= P1, contrary to Lemma 2.5. We have E ·(Dvert−C ′j) = 0.
If C ′j is a tip of FE then FE = C ′j +E = [1, 1] and if C ′j is not a tip of FE then µ(C ′j) = 2 and,
since C ′j is the unique (−1)-curve in FE, FE = [2, 1, 2]. In both cases we get a contradiction
with E2 6 −3. 
Claim 2. The curve E is horizontal and D contains no fiber.
Proof. Suppose that E is contained in some fiber, say FE. It follows from Claim 1 that
C ′1 + · · · + C ′c is horizontal, so Dvert has no (−1)- or 0-curves. In particular, D contains no
fiber. Recall that E meets D − E only in C ′1, . . . , C ′c. As a consequence, 3 = FE · Dhor >
µ(E)E ·Dhor = µ(E)c > 2µ(E), so µ(E) = 1 and (FE − E) ·Dhor = 3− c. The connectedness
of D gives
b0((FE − E) ∩D) 6 (FE − E) ·Dhor = 3− c 6 1,
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so (FE − E) ∩ D is connected. For every component L of FE not contained in Dvert we have
L ∼= P1, so L ·D > 2 by Lemma 2.5. Because the fiber FE has no loops, such L is unique and
meets D0 in E and in (FE − E) ∩ D. In particular, the latter set is nonempty, so the above
inequalities imply that c = 2. There is no (−1)-curve in Dvert, so L is a unique (−1)-curve in
FE. In particular, µ(L) > 2. Both connected components of FE ∩ D meet sections in D, so
they contain components of multiplicity 1. Lemma 2.2(b) implies that FE is a chain of type
[γ, 1, (2)γ−1], where γ = −E2 > 3, and meets Dhor in tips. Thus D contains a twig V = [(2)γ−1]
and L meets tip+(V ). Because c = 2, E¯ is of type H, I or J . In the first case (see Figure 17)
the existence of V implies that γ = 3 and that V meets C ′1, so pi(L)2 = 6; a contradiction. In
the second case (see Figure 13) we get that V meets C ′1 and pi(L)2 = 10; a contradiction. In the
third case (see Figure 18) tip+(V ) is either the first component of Q′1, or, if k > 3, the fourth
component of Q′1 or the second component of Q′2. We get pi(L)2 = 0, 3, 1, respectively, so the
last case holds. Then pi(L) is a line and deg E¯ = (pi(L) · E¯)q2 + 1 = 2k+ 3. But deg E¯ = 4k+ 1,
so k = 1; a contradiction. The second assertion follows because the intersection matrix of
Dvert ⊆ D − E is negative definite. 
Claim 3. The curve E is a 1-section.
Proof. Claim 2 and Lemma 2.4 imply that E is not a 3-section. Suppose that E is a 2-section.
Then H := Dhor−E is a section contained in, say, Q′j0 for some j0 ∈ {1, . . . , c}. Consequently,
Q′j is vertical for every j 6= j0. The restriction p|E : E −→ P1 has degree two and is ramified
at every E ∩ C ′j for j 6= j0, so the Hurwitz formula gives c 6 3. For j 6= j0 let Fj be the fiber
containing Q′j and let µj be the multiplicity of qj ∈ E¯. Because our P1-fibration factors through
the contraction of Q′j, say pij, the divisor Fj−pi∗j (qj) is effective, so the projection formula gives
2 6 µj = pi−1j (qj) ·E 6 Fj ·E = 2. It follows that µj = 2 and Fj meets E only in Q′j, so C ′j′ 6⊆ Fj
for j′ 6= j. Because E¯ has at most three cusps and at most one of them is not semi-ordinary,
E¯ is of type Q3 (see Table 1) and we may assume that j0 = 1. By Lemma 2.4 for j ∈ {2, 3}
there is a unique component of Fj not contained in Dvert, say Lj. Then
2 > µ(pij(Lj))pij(Lj) · pij(E) > µ(Lj)µj = 2µ(Lj),
so equalities hold. In particular, µ(Lj) = 1 and pij(Lj) is not tangent to pij(Ej), so Lj meets the
first component of Q′j. The image of Fj − Lj contains no (−1)-curves, so pij(Fj) = [0], hence
L2j = −1 and (Fj)red = Lj + Q′j. We have H ⊆ Q′1 = [2, 3, 1, 2]. The connected components of
Q1 − H are contained in different fibers, other than F2 and F3. It follows that H is a tip of
Q′1, for otherwise one of those connected components is a (−2)-curve and the fiber containing
it has at least two components not contained in Dvert, contrary to Lemma 2.4. Recall that L2
satisfies L22 = −1, L2 ·D = 2 and L2 meets D in H and in the first component of Q′2. It follows
that H is in fact the first component of Q′1. Indeed, otherwise the contractions of Q′1 and Q′2
touch L2 three times and once, respectively, so pi(L2)2 = 3, which is impossible. Therefore,
pi(L2)2 = 1, so pi(L2) is a line and
5 = deg E¯ = E¯ · pi(L2) = (E¯ · pi(L2))q1 + (E¯ · pi(L2))q2 = 2 + 2;
a contradiction. 
If for some j ∈ {1, . . . , c} the curve C ′j is vertical then we denote by Fj be the fiber containing
it. In this case µ(C ′j) = 1, because C ′j meets E, so C ′j is a tip of Fj. We infer that for every
j ∈ {1, . . . , c}, (Q′j)hor contains C ′j or a component of Q′j meeting C ′j. Since c > 2, we see that
c = 2 and Dhor −E consists of two 1-sections, one in each Q′j. The curve E¯ ⊆ P2 is of type H,
I or J . We check that in all three cases (see Figures 17, 13 and 18), every C ′j meets a unique
twig of D, say Vj, which is in fact a (−2)-twig, and that the component B1 of Q′1− V1 meeting
C ′1 is branching in Q′1.
Claim 4. For every j ∈ {1, . . . , c}, either the curve C ′j is horizontal or Fj = C ′j + Vj + Lj =
[1, 2, . . . , 2, 1], where Lj is a unique component of Fj not contained in Dvert.
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Proof. Assume C ′j is vertical. Note that C ′3−j 6⊆ Fj, because otherwise Fj · E > 2, which is
false. Since C ′j meets two sections in Dhor, the connectedness of D implies that the set Fj ∩D
has at most two connected components. Since Fj is a rational tree, Lemma 2.5 implies that
σ(Fj) = 1 and b0(Fj∩D) = 2. Because µ(C ′j) = 1 and (Fj−C ′j)∧Dvert contains no (−1)-curves,
we have L2j = −1. Since both connected components of Fj ∩D contain (or belong to, in case
some of them is a point) a component of multiplicity 1, we infer that Fj is a chain meeting Dhor
in tips. Therefore, Fj contains a twig of D meeting C ′j, namely the (−2)-twig Vj. Because Fj
contracts to a 0-curve, we get Fj = C ′j + Vj + Lj, as claimed. 
Claim 4 implies for instance that the section contained in Q′1 is C ′1 or B1. Because βQ′1(B1) =
3, in any case we get that (Q′1)vert has at least two connected components with no (−1)-
curves, lying in different fibers. Lemma 2.4 implies that one of these fibers, say F , has a
unique component not contained in Dvert, say LF . From Claim 4 we infer that F 6= F1, F2, so
C ′1, C
′
2 6⊆ F . Hence LF is a unique (−1)-curve in F and (F ∧Dvert) · E = 0, so E meets F in
LF . But µ(LF ) > 2 and E is a 1-section by Claim 3; a contradiction. 
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5. Geometric consequences
5A. Proof of Theorem 1.4.
Theorem 1.2 and [PP17, Theorem 1.3] describe the possible types of E¯ ⊆ P2. In particular,
since E¯ is not an Orevkov curve, it has at least two cusps. We order those cusps as in Lemma
4.2. Let l12 and l1 be the lines defined there.
Claim 1. We may assume that E¯ is of type G, J , Q3 or Q4.
Proof. Assume that E¯ is not of one of the above types. By Lemma 4.2(a) the line l12 joining q1
with q2 meets E¯ in exactly two points. If E¯ is of one of the types listed in Theorem 1.4(a) then
by Lemma 4.2(b) the line l1 tangent to q1 ∈ E¯ meets E¯ \ {q1} exactly once and transversally.
In particular, l1 6= l12 is another line through q1 meeting E¯ in exactly two points. Thus we
may assume that E¯ is of type E , F or I. We need to show that part (c) of Theorem 1.4
holds. Using the parametrization of E¯ given by [BZ10, (t) or (s)], see [PP17, Remark 4.14]
and Remark 4.17(a), we check that any line through q1 other than l12 meets E¯ \ {q1} in at
least two points. Hence l is unique. Suppose that u ⊆ P2 is a curve such that u \ l12 ∼= C1
and (u \ l12) · (E¯ \ l12) = 1. Then u ∩ l12 = {qj} for some j ∈ {1, 2}. If u is a line then
(u · E¯)qj = deg E¯− 1 is the sum of some number of initial terms of the multiplicity sequence of
qj ∈ E¯. But we check directly (see [PP17, Table 1] and Table 1) that the latter is impossible,
hence u is (a conic or a rational unicuspidal curve) tangent to l12 at qj. Because by Lemma
4.2(b) E¯ is not, the number (u · E¯)qj = deg u · deg E¯ − 1 is the product of multiplicities of
qj ∈ u and qj ∈ E¯. Hence deg u · deg E¯ − 1 6 (deg u− 1)(deg E¯ − 1), so deg u+ deg E¯ 6 2; a
contradiction. 
Let us recall that a curve of type G(γ), γ > 3 has degree 2γ−1 and the multiplicity sequences
of its cusps are (γ − 1)4 and (2)γ−1, see [PP17, Table 1].
Claim 2. If E¯ is of type G then there exist unique non-degenerate conics m and m′ such that
(m · E¯)q1 = 2 deg E¯ − 1, (m′ · E¯)q1 = 2 deg E¯ − 2 and (m′ · E¯)q2 = 2.
Proof. The proof is similar to the one in Remark 4.15(b). Let ϑ be a composition of four
blowups at q1 ∈ E¯ and its infinitely near points on the proper transforms of E¯. Denote by V
the last exceptional curve of ϑ. Lemma 4.2(b) implies that (ϑ−1∗ l1)2 = −1 and ϑ−1∗ l1 ·ϑ−1∗ E¯ = 1.
The divisor Excϑ = [2, 2, 2, 1] meets ϑ−1∗ l1 only in the second component, transversally, and
meets ϑ−1∗ E¯ only in V , with multiplicity γ − 1. Hence ϑ−1∗ l1 + Excϑ − V supports a fiber F
of a P1-fibration such that ϑ−1∗ E¯ is a 2-section. Denote by F1, F2 the fibers passing through
V ∩ ϑ−1∗ E¯ and ϑ−1(q2), respectively. Lemma 2.4 implies that F is the unique degenerate fiber,
so F1 and F2 are smooth. This P1-fibration restricts to a morphism ϑ−1∗ E¯ −→ P1 of degree 2,
ramified at ϑ−1∗ l1 ∩ ϑ−1∗ E¯ and at ϑ−1(q2). The Hurwitz formula implies that F1 and F2 are not
tangent to ϑ−1∗ E¯. It follows that m, m′ are the required conics if and only if they are images
of F1 and F2, respectively (see [PP17, Figure 11], where the proper transforms of m, m′ on X
are denoted by LF1 and LF2 , respectively). 
From now on we assume that E¯ is as in Claim 1. Clearly, there exists at least one l through
q1 meeting E¯ at two points, namely l = l1. We will show in Claim 4 that this is the only
possibility. First, we make the following reduction.
Claim 3. If E¯ is not of type G and a line l′ meets E¯ \ l1 in one point then E¯ is of type J and
l′ ∩ l1 ⊆ E¯ \ {q1}.
Proof. By Claim 1, E¯ is of type J , Q3 or Q4. By Lemma 4.2(b) l1 meets E¯ \ {q1} once and
transversally. Let r be the unique common point of l′ and l1. By Lemma 2.5, l′ meets E¯ in
at least two points, so r ∈ E¯. Denote by µ the multiplicity of r ∈ E¯. Let ϑ be a blowup at
r. Then |ϑ−1∗ l′| induces a P1-fibration which restricts to a morphism g : ϑ−1∗ E¯ −→ P1 of degree
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deg E¯ − µ. For a point p ∈ ϑ−1∗ E¯ denote by rp the ramification index of g at p. For any line
through r the sum of rp for p contained in the proper transform of that line equals deg g. Hence∑
p∈ϑ−1∗ (l1+l′)
(rp − 1) = 2 deg g −#(ϑ−1∗ (l1 + l′) ∩ ϑ−1∗ E¯) > 2 deg g − 3,
where the last inequality follows from the assumption. The Hurwitz formula gives∑
p 6∈ϑ−1∗ (l1+l′)
(rp − 1) 6 2 deg g − 2− (2 deg g − 3) = 1.
Thus g has at most one ramification point off ϑ−1∗ (l1 + l′), and its ramification index is at most
2. Hence E¯ has at most one cusp off l1 + l′ and this cusp, if exists, has multiplicity 2. It
follows that E¯ is of type J or Q3, and (after renaming the cusps q2, . . . , qc if necessary) q2 ∈ l′.
Consider the first case. If q1 ∈ l′ then
(l′ · E¯)q2 = deg E¯ − (l′ · E¯)q1 = 4k + 1− 2k = 2k + 1
is a sum of some number of initial terms of the multiplicity sequence of q2 ∈ E¯. But from Table
1 we see that this is impossible, which proves the claim in this case. We are left with the case
when E¯ is of type Q3. If l′ is tangent to E¯ at q2 then (l′ ·E¯)q2 = 4 and (l′ ·E¯)r = 1, so deg g = 4
and g is ramified at ϑ−1(q3) and with index 4 at ϑ−1(q1) and ϑ−1(q2). Since the latter contradicts
the Hurwitz formula, we infer that l′ is not tangent to E¯ at q2, so (l′ · E¯)r = 3. By Lemma
4.2(b) and Remark 4.8, any line l′′ through qj for j ∈ {1, 2, 3} satisfies (l′′ · E¯)qj ∈ {2, 4}. It
follows that r is a smooth point of E¯. By Remark 4.8 there is an automorphism ε ∈ Aut(P2, E¯)
such that σ(q2) = q1. The line σ(l′) meets E¯ only in two points, namely in q1 and σ(r), hence
E¯ has two cusps off σ(l′). But we have shown above that this is impossible; a contradiction.

Claim 4. If a line l′ meets E¯ \ l1 in one point then q1 6∈ l′ and q2 ∈ l′.
Proof. Either E¯ is of type G or E¯ and l′ are as in Claim 3. In both cases cases Lemma 2.5
implies that l′ meets E¯ in at least two points, so l′ ∩ l1 ⊆ E¯. If l′ ∩ E¯ = {q1, q2} then E¯ is of
type G and we put P = pi−1∗ (l1 + l′ + m′), where m′ is as in Claim 2. In other cases we put
P = pi−1∗ (l1 + l′). Note that D+ P − pi−1∗ l′ is an snc divisor and P − pi−1∗ l′ consists of disjoint
(−1)-curves. Let
pi′ : (X ′, D′) −→ (X,D + P )
be the minimal log resolution, P ′ := (pi′)−1∗ P and let (X ′, D′) −→ (X˜, D˜) be the (unique)
snc-minimalization of D′. We have etop(X˜ \ D˜) = etop(X \ (D+P )) = etop(X \D) = 1, because
P \D is a disjoint union of curves isomorphic to C∗. Lemma 2.5 and [Fuj82, 6.24] imply that
the negative part of the Zariski-Fujita decomposition of K
X˜
+ D˜ equals Bk D˜, see Section 2A
for a definition. Put ind(D˜) = −(Bk D˜)2 > 0. Then the logarithmic Bogomolov-Miyaoka-Yau
inequality reads as
(5.1) (K
X˜
+ D˜)2 + ind(D˜) 6 3.
We will rewrite it using properties of P and pi′.
Since the morphism X ′ −→ X˜ is a composition of blowups with centers at the nodes of
successive reduced total transforms of D˜, we have (K
X˜
+ D˜)2 = (KX′ +D′)2. Moreover,
D′ · (KX′ +D′) = 2pa(D′)− 2 = 2#P − 2.
The non-nc points of D + P are exactly the points of pi−1(l′ ∩ E¯ \ {q1, q2}). To see this, recall
that D + P − pi−1∗ l′ is snc. Since l′ is smooth, pi−1∗ l′ meets D − E transversally, off E, each
component of D−E at most once. By definition, pi−1∗ l′ is disjoint from P −pi−1∗ (l1 +l′) and the
common point of pi−1∗ l1 and pi−1∗ l′, if exists, is contained in E, so it is not an nc point of D−E.
Conversely, if pi−1∗ l′ meets E transversally at some point r′ then r′ ∈ pi−1∗ l1, since otherwise
l′∩ l1 = {q1} and (l′ · E¯)q1 = deg E¯− 1 = (l1 · E¯)q1 , which is false. Let ε := 2−#(l′∩{q1, q2})
be the number of non-nc points of D + P . Each of these points is resolved by a sequence of
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blowups such that the centers of all but the first one are the nodes of respective total reduced
transforms of D, hence
KX′ · (KX′ +D′ − P ′) = KX · (KX +D)− ε.
By [Pal16, Lemma 4.3(i)] KX · (KX +D) = h0(2KX +D), which in our cases vanishes, because
κ(KX + 12D) = −∞ (see [PP17, Lemma 4.4] and Proposition 4.4). Therefore, (5.1) reads as
(5.2) KX′ · P ′ + 2#P + ind(D˜) 6 5 + ε.
By the definition of a bark, the number ind(D˜) equals the sum of coefficients of tip+(W ) in
Bk
D˜
(W ), taken over all maximal twigs W of D˜. Hence [Miy01, II.3.3.4] gives
ind(D˜) =
∑
W
d(W − tip+(W )
d(W ) ,
where d(W ) is as in Section 2A. If W is a (−2)-twig then the respective summand is #W#W+1 > 12 .
We claim that ind(D˜) > 1. To see this, note that the map X 99K X˜ does not touch the maximal
(−2)-twigs of D meeting C ′1, C ′2 (where C ′j is the last component of Q′j := pi−1(qj)red, see the
beginning of Section 4). If q1 6∈ l′ then it does not touch the first component of Q′1, whose image
becomes a maximal (−2)-twig of D˜. If q1 ∈ l′ then, since (l′ · E¯)q1 < (l1 · E¯)q1 = deg E¯ − 1, l′
is tangent to E¯ at the other point of l′ ∩ E¯, so the image of its resolution contains a twig of
D˜. This proves ind(D˜) > 1. Now (5.2) gives KX′ ·P ′+ 2#P 6 3 + ε. Let L′, L1 and M ′ be the
proper transforms on X ′ of l′, l1 and m′, respectively. Since they are smooth and rational, we
obtain
(5.3) − 3− ε 6 (L′)2 + L21 + (P ′ ∧M ′)2,
where P ′ ∧M ′ = M ′ or 0 depending on whether l′ ∩ E¯ = {q1, q2} or not.
Suppose that q1 ∈ l′. By Claim 3 the curve E¯ is of type G(γ) for some γ > 3. Since the
centers of pi′ belong to pi−1∗ l′, pi′ does not touch L1, so L21 = −1. Since l′ is not tangent to E¯
at q1, the contraction of Q′1 touches pi−1∗ l′ exactly once. Consider the case q2 ∈ l′. Then ε = 0,
P ′ ∧M ′ = M ′ and pi′ = id. We have (l′ · E¯)q2 = deg E¯ − (l′ · E¯)q1 = γ, so the contraction
of Q′2 touches L′ exactly 12γ times, hence (L
′)2 = −12γ. It follows from (5.3) that γ 6 2; a
contradiction. Consider the case q2 6∈ l′. Then ε = 1, P ′ ∧M ′ = 0 and pi′ touches L′ exactly
deg E¯ − (l′ · E¯)q1 = γ times, so (L′)2 = −γ and hence γ = 3 by (5.3). The maximal twigs of
D˜ are: the (−2)-tips meeting the images of C ′1, C ′2, the image of the other twig of D contained
in Q′2, which is of type [2, 3], and the maximal (−2)-twig contained in the preimage of l′ ∩ l1.
Hence ind(D˜) > 2, which is in contradiction with (5.2).
Hence q1 6∈ l′. Suppose that q2 6∈ l′. Then ε = 2. We have P ′ ∧M ′ = 0 and pi′ touches L1
exactly once, so L21 = −2 and the inequality (5.3) reads as (L′)2 > −3. But pi does not touch
pi−1∗ l
′ and pi′ touches L′ exactly deg E¯ times, so −3 6 (L′)2 = 1− deg E¯ 6 −4; a contradiction.

Claim 4 implies in particular that l as in Theorem 1.4 is unique, equal to l1. Assume that
u ⊆ P2 is a curve such that u \ l1 ∼= C1 and (u \ l1) · (E¯ \ l1) = 1. By Claim 2 it remains to
show that E¯ is of type G and u = m.
Claim 5. The curve u is tangent to E¯ at q1. We may assume that it is singular.
Proof. Write u ∩ l1 = {r}. Since u · E¯ > 2, we have r ∈ E¯. By Claim 4, u is not a line,
so either u is a conic or r ∈ u is its unique singular point, a cusp. Denoting by lr the line
tangent to u at r we get l1 · u = (l1 · u)r 6 (lr · u)r 6 lr · u, so the equalities hold and we
have lr = l1. Suppose that r 6= q1. By Lemma 4.2(b) l1 is not tangent to E¯ at r, so neither is
u. Then the number (u · E¯)r = deg u · deg E¯ − 1 is the product of multiplicities of r ∈ u and
r ∈ E¯, hence deg u ·deg E¯− 1 6 (deg u− 1)(deg E¯− 1), so deg u+ deg E¯ 6 2; a contradiction.
Thus u is tangent to E¯ at q1.
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Assume that u is a conic. Then (u · E¯)q1 = 2 deg E¯ − 1, so the latter is a sum of some
number of initial terms of the multiplicity sequence of q1 ∈ E¯. Because u is smooth, at most
two of these summands are distinct. We check directly that this is possible only if E¯ is of type
G. Then Claim 2 implies that u = m. 
By Claim 5 we may, and will, assume that u is a rational unicuspidal curve meeting l1 only
in the cusp q1 ∈ u. Let piu : (Xu, Du) −→ (P2, u) be the minimal log resolution.
Claim 6. We have a decomposition pi = piu ◦ ξ and ξ touches pi−1∗ u.
Proof. Let U and Eu be the proper transforms on Xu of u and E¯, respectively. The curve
u is of Abhyankar-Moh-Suzuki type in the sense of [Ton00a]. By Theorem 1.1(iv) loc. cit.
there exist integers s > 0, k1, . . . , ks+1 > 1 such that putting di = (ki+1 + 1) · · · (ks+1 + 1) for
i ∈ {0, . . . , s+ 1}, we have deg u = d0 and q1 ∈ u has multiplicity sequence
(5.4) (k1d1, (d1)2k1 , . . . , ksds, (ds)2ks , ks+1, (1)ks+1)
(including all 1’s in the end). Lemma 2.10(a) gives
U2 = 3d0 − 3
s∑
i=1
kidi − 2ks+1 − 2 = 3d0 − 3
s∑
i=1
(di−1 − di)− 2ds = ds > 0.
Suppose first that U does not meet Eu on Exc piu. Then U · Eu = 1 and after U2 > 0
blowups over U ∩ Eu the linear system of the proper transform of U induces a P1-fibration
which restricts to a C∗-fibration of P2 \ E¯. This gives κ(P2 \ E¯) 6 1; a contradiction.
The minimal log resolutions of the cusps qj ∈ E¯, j ∈ {2, . . . , c} do not touch u, so it is
enough to show that the common point of Eu and Exc piu is not a point of normal crossings
of Eu + Excpiu. Suppose it is. Since piu is minimal, the last (−1)-curve in Excpiu meets two
components of Du−U . It follows that q1 ∈ E¯ and q1 ∈ u have the same multiplicity sequences.
The last two terms (except the 1’s) in the multiplicity sequence of q1 ∈ E¯ are equal (see Table
1), so in (5.4) we have s > 1 and ks+1 = 1, hence ds = 2 and the sequence is (2ks, (2)2ks , 1, 1) if
s = 1 or ends with
(ks−1ds−1, (ds−1)2ks−1 , 2ks, (2)2ks , 1, 1), ds−1 = 2(ks + 1)
if s > 2. Looking at Table 1 we see that this is possible only if ks = 1 and s = 1. In this case
E¯ is of type Q4 and deg u = d0 = 4. As a consequence, (E¯ · u)q1 = deg E¯ · deg u− 1 = 19.
We have I(q1) = 3 · 4 + 2 · 1 = 14 (see Lemma 2.10), so U · Eu = 20 − I(q1) = 6. It follows
that the minimal log resolution pi′ : (X ′, D′) −→ (Xu, Du+Eu) is a composition of minimal log
resolutions of the cusps pi−1u (qj) ∈ Eu, j ∈ {2, 3, 4} with five blowups over the point of tangency
of U and Eu on Exc piu. We argue as in the proof of Claim 4. Because u \ E¯ ∼= C∗, we have
etop(X ′ \D′) = etop(P2 \ (E¯ + u)) = etop(P2 \ E¯) = 1.
Put U ′ = (pi′)−1∗ U . Since each of the five blowups touches the image of U ′, we have (U ′)2 =
(deg u)2 − I(q1) − 5 = −3, so D′ is snc-minimal and KX′ · U ′ = −2 − (U ′)2 = 1. The center
of each of those blowups is a node of the respective preimage of D, so as before we obtain
KX′ · (KX′ + D′ − U ′) = KX · (KX + D) = 0. This gives (KX′ + D′)2 = KX′ · U ′ + D′ ·
(K ′X + D′) = 1. The twigs of D′ are exactly the proper transforms of the twigs of D, so
ind(D′) = 3 ·
(
1
3 +
1
2
)
+ 12 +
5
7 > 2. This contradicts the log BMY inequality (see (5.1)). 
Since u is singular and piu is a minimal log resolution, the unique (−1)-curve V in Du − U
meets U and two other components of Du. By Claim 6, Eu meets Exc piu at the point V ∩ U ,
which is the center of the next blowup in the decomposition of pi. It follows that Q′1 is not a
chain, so E¯ is of type J (k) for some k > 2. The divisor Du is snc, so the proper transform of
U on X meets a tip of Q′1, the same as C ′1 (see Figure 19). As a consequence, the multiplicity
sequence of q1 ∈ u equals (k)3, we have deg u = u · l1 = (u · l1)q1 = 2k and
u · E¯ − 1 = (u · E¯)q1 = 1 + 3 · 2k · k + k · 2 · 1 = 6k2 + 2k + 1.
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Then 2k · (4k + 1) = deg u · deg E¯ = 6k2 + 2k + 2, so k = 1; a contradiction. 
5B. Log deformations and the proof of Theorem 1.6.
We recall some results on logarithmic deformations. Let T be an snc divisor on a smooth
projective surface V . The deformation theory of the pair (V, T ) is described in terms of the coho-
mology of the logarithmic tangent sheaf TV (− log T ), that is, the sheaf of those OV -derivations
which respect the ideal sheaf of T . The number h1(TV (− log T )) is the number of moduli for log
deformations of the pair (V, T ) and H2(TV (− log T )) is the space of obstructions for extending
infinitesimal deformations, see [FZ94, Lemma 1.1]. We need the following lemma.
Lemma 5.1 (Properties of TV (− log T ), [FZ94]). Let S be a smooth surface and let (V, T ) be
some smooth completion of S. Then
(a) The number h2(TV (− log T )) depends only on S.
(b) If L ⊆ T is a (−1)-curve then hi(TV (− log(T − L))) = hi(TV (− log T )) for i > 0.
(c) If V admits a P1-fibration such that F · T 6 3 for a fiber F then H2(TV (− log T )) = 0.
(d) χ(TV (− log T )) = KV · (KV + T ) + 2χ(OV ) − etop(V ) + r −∑ri=1 pa(Ti), where T1, . . . , Tr
are the components of T .
(e) If S is Q-acyclic then χ(TV (− log T )) = KV · (KV + T ).
Proof. (a), (b), (c) are shown in [FZ94] in Lemma 1.5(5) and Propositions 1.7(3) and 6.2.
(d) Since T is snc, the exact sequence [Kaw78, Proposition 1(2)] reads as
0 −→ TV (− log T ) −→ TV −→
r⊕
i=1
NTi/V −→ 0,
so χ(TV (− log T )) = χ(TV ) − ∑ri=1 χ(NTi/V ). We have c2(TV ) = etop(V ) and −c1(TV ) =
c1(Ω1V ) = c1(
∧2 Ω1V ) = KV , hence using the Riemann-Roch theorem and the Noether for-
mula we get χ(TV ) = 2χ(OV ) + K2V − etop(V ). Since NTi/V ∼= OTi(T 2i ), the Riemann-Roch
theorem and the adjunction formula give
χ(NTi/V ) = χ(OTi(T 2i )) = T 2i − pa(Ti) + 1 = pa(Ti)−KV · Ti − 1.
(e) If V \ T is Q-acyclic then V is rational, the components of T are rational and freely
generate H2(V,Q). We obtain χ(OV ) = 1 and etop(V ) = 2 + r. Thus (e) follows from (d). 
In [FZ94] Flenner and Zaidenberg made the following conjecture (cf. [Zai95, 1.3]).
Conjecture 5.2 (Strong Rigidity Conjecture). Let S be a Q-acyclic surface of log general type.
Then for a minimal smooth completion (X,D) of S we have H i(TX(− logD)) = 0 for i > 0.
As discussed in [Pal16, Conjecture 2.6], the Negativity Conjecture 1.1 implies the Weak
Rigidity Conjecture, which asserts that χ(TX(− logD)) = 0. A posteriori, from our classifica-
tion we can deduce the following stronger result for Q-acyclic surfaces which are complements
of planar rational cuspidal curves.
Proposition 5.3 (Negativity implies Strong Rigidity). Let E¯ ⊆ P2 be a rational cuspidal curve
such that P2 \ E¯ is of log general type. If E¯ ⊆ P2 satisfies the Negativity Conjecture 1.1 then
it satisfies the Strong Rigidity Conjecture 5.2.
Proof. Since X \ D is of log general type, by [Iit82, Theorem 11.12] Aut(X,D) is finite, so
(X,D) has no infinitesimal automorphisms, that is, H0(TX(− logD)) = 0. Hence by Lemma
5.1(e) h2(TX(− logD)) − h1(TX(− logD)) = χ(TX(− logD)) = KX · (KX + D). The latter
number equals h0(2KX +D) by [Pal16, Lemma 4.3.(i)]. Hence it suffices to show that
(5.5) H2(TX(− logD)) = 0.
If P2 \ E¯ has a C∗∗-fibration then it extends to a P1-fibration of some blowup of X, in which
case (5.5) follows from Lemma 5.1(a),(c). Therefore, by Theorem 1.2 we can assume that
E¯ ⊆ P2 is of one of the types listed in Definition 1.3. For types Q3, Q4 or FZ2 the equality
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(5.5) follows from [FZ00, Corollary 2.4], so it remains to consider the types FE , H, I and J .
We use the notation from the beginning of Section 4, in particular, for j ∈ {1, . . . , c} we denote
by C ′j the unique (−1)-curve in Q′j = pi−1(qj)red.
Consider the types FE and H (see Figures 12, 17). Let A,A′ be the proper transforms on
X of the lines l12, l1 from Lemma 4.2. We have (A′)2 = A2 = −1 and A′ · D = A · D = 2.
Moreover, A meets D only in the first components of Q′1 and Q′2 and A′ meets D only in E and
in the second component of Q′1. For j ∈ {1, 2} denote by Bj the branching component of Q′j and
by T ′j the (−2)-twig of Q′j meeting Bj (cf. Notation 2.6). Let ψ′ : (X,D+A+A′) −→ (X ′, D′)
be an snc-minimalization. By Lemma 5.1(a),(b) we have
h2(TX(− logD)) = h2(TX(− log(D + A+ A′))) = h2(TX′(− logD′)).
But we check that ψ′(B1) is a (−1)-curve, so h2(TX(− logD)) = h2(TX′(− log(D′ − ψ′(B1)))).
We have ψ′∗(Q′2−T ′2) = [2, 1, 2] for type FE and ψ′∗(Q′2−T ′2) = [1, 3, 1, 2] for type H. The latter
chains support a fiber F of a P1-fibration of X ′ which is met by (D′−ψ′(B1))hor once in ψ′(C ′2)
and once in ψ′(B2). We have µ(ψ′(C ′2)) = 2 and µ(ψ′(B2)) = 1, so F · (D′−ψ′(B′1)) = 3. Hence
(5.5) follows from Lemma 5.1(c).
We are left with the types I and J (see Figures 13, 19). Let V1 be the (−2)-twig of D
meeting C ′1. As before, Lemma 5.1(b) gives
h2(TX(− logD)) = h2(TX(− log(D − C ′2))).
Consider the type I. Then V1 + C ′1 + E = [2, 2, 1, 3] supports a fiber F of a P1-fibration of X
which is met (D−C ′2)hor only once, in C ′1. Since µ(C ′1) = 3, we have F · (D−C ′2) = 3 and again
we deduce (5.5) from Lemma 5.1(c). Consider the type J . Let A′′ be the proper transform of
the line l1 from Lemma 4.2. Then (A′′)2 = −1, A′′ · D = 2 and A′′ meets D only in E and
in the second component of Q′1. Now V1 + C ′1 + E + A′′ = [2, 1, 3, 1] supports a fiber F of a
P1-fibration of X which is met by (D−C ′2)hor only once in C ′1 and once in A′′. Since µ(C ′1) = 2
and µ(A′′) = 1, we have F · (D − C ′2) = 3 and (5.5) follows again from Lemma 5.1(c). 
Proof of Theorem 1.6.
(a) If κ := κ(P2 \ E¯) = −∞ then by [Miy01, Theorem 3.1.3.2] P2 \ E¯ has a C1-fibration. If
κ ∈ {0, 1} then [Pal16, Proposition 2.6] implies that P2 \ E¯ has a C∗-fibration, which by [PP17,
Proposition 4.2] can be chosen without base points on X. Assume κ = 2. If P2 \ E¯ has a
C∗∗-fibration then by [PP17, Proposition 4.2] it has one with no base points on X. In the other
case, Proposition 4.4 gives a C∗∗∗-fibration of P2 \ E¯ with no base points on X. Because P2 \ E¯
is rational, the base of each of the above fibrations is an open subset of P1. The components
of D are linearly independent in NSQ(X), so after possibly resolving a base point in case of a
C1-fibration, the preimage of D contains at most one fiber, hence the base is in fact P1 or C1.
(b) If E¯ has at least three cusps then κ = 2 by [Wak78], so (b) follows from [PP17, Theorem
1.2] and Theorem 1.2; see (4.9) for the parametrization.
(c) If κ = 2 then (c) follows from Theorem 1.4. Assume κ 6 1. If E¯ has at least two cusps
then by [Wak78, Tsu81] it has exactly two and κ = 1. Then by [Ton00b, Theorem 4.1.1] there
is a line meeting E¯ in exactly one point.
(d) The case κ = 2 is treated in Proposition 5.3, so we may assume that κ 6 1. By [Pal16,
Proposition 2.6] some log resolution of (X ′, D′) −→ P2\E¯ has a P1-fibration such that F ·D′ 6 2
for a general fiber F . Then (d) follows from Lemma 5.1(a),(c). 
In Table 1 below we summarize numerical data for rational cuspidal curves satisfying (2.9).
For each cusp we list both its multiplicity sequence and a sequence of Hamburger Noether-pairs.
We write the latter in the standard way in the sense of [PP17, Section 2D]. The sequence of
Hamburger-Noether pairs is a convenient replacement of the sequence of multiplicities or of
Puiseux pairs (see [Rus80] for a detailed treatment). It is more directly related to the geometry
of the resolution. Lemmas 2.11 and 5.1 in loc. cit. explain relations between those sequences.
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